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Abstract. Motivated by the Broue conjecture on blocks with abelian defect 
groups for finite reductive groups, we study "parabohc" Deligne-Lusztig va- 
rieties and construct on those which occur in the Broue conjecture an action 
of a braid monoid, whose action on their £-adic cohomology will conjecturally 
factor trough a cyclotomic Hecke algebra. In order to construct this action, 
we need to enlarge the set of varieties wc consider to varieties attached to a 
"ribbon category" ; this category has a Garside family, which plays an impor- 
tant role in our constructions, so we devote the first part of our paper to the 
necessary background on categories with Garside families. 



1. Introduction 

In this paper, we study "parabolic" Deligne-Lusztig varieties, one of the main 
motivations being the Broue conjecture on blocks with abelian defect groups for 
finite reductive groups. 

Let G be a connected reductive algebraic group over an algebraic closure Fp of 
the prime field Fp of characteristic p. Let F be an isogeny on G such that some 
power is a Frobenius endomorphism attached to a split structure over the finite 
field ¥gS ; this defines a real number q such that is an integral power of p. When 
G is quasi-simple, any isogeny F such that the group of fixed points G^ is finite is 
of the above form; such a group G-'^ is called a "finite reductive group" or a "finite 
group of Lie type" . 

Let L be an i^-stable Levi subgroup of a (non necessarily i^-stable) parabolic 
subgroup P of G. Then, for £ a prime number different from p, Lusztig has con- 
structed a "cohomological induction" which associates to any Q^L-'^-module a 
virtual Q^G^-module. We study the particular case i?^(Id), which is given by the 
alternating sum of the ^-adic cohomology groups of the variety 

Xp = {<?P e G/P I gP n F{gP) ^ 0} 

on which G^ acts on the left. We will construct a monoid of endomorphisms M 
of Xp related to the braid group, which conjecturally will induce in some cases a 
cyclotomic Hecke algebra on the cohomology of Xp. To construct M we need to 
enlarge the set of varieties we consider, to include varieties attached to morphisms 
in a "ribbon category" — the "parabolic Deligne-Lusztig varieties" of this paper; 
M corresponds to the endomorphisms in the "conjugacy category" of this ribbon 
category of the object attached to Xp. 

The relationship with Broue's conjecture for the principal block comes as follows: 
assume, for some prime number i p, that the £-Sylow S of G^ is abelian. Then 
Broue's conjecture predicts in this special case an equivalence of derived categories 
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between the principal block oiZ^G^ and that of ZeN(^F{S). Now L Cc,{S) is a 
Levi subgroup of a (non i^-stable unless i\q — 1) parabolic subgroup P; restricting 
to unipotent characters and discarding an eventual torsion by changing coefficients 
from Zi to Qi, this translates into conjectures about the cohomology of Xp, see 
110.11 these conjectures predict in particular that the image in the cohomology of 
our monoid M is a cyclotomic Hecke algebra. 

The main feature of the ribbon categories we consider is that they have Garside 
families. This concept has appeared in recent work to understand the ordinary 
and dual monoids attached to the braid groups; in the first part of this paper, we 
recall its basic properties and go as far as computing the centralizers of "periodic 
elements" , which is what we need in the applications. 

In the second part, we first define the parabolic Deligne-Lusztig varieties which 
are the aim of our study, and then go on to establish their properties. We extend 
to this setting in particular all the material in |BM| and |BR2] . 

We thank Cedric Bonnafe and Raphael Rouquier for discussions and an initial 
input which started this work, and Olivier Dudas for some useful remarks. 

After this paper was written, we received a preprint from Xuhua He and Sian 
Nie (see |HN] ) where, amidst other interesting results, they also prove Theorem l9.ll 
and CoroUarv 19.31 

I. Garside families 

This part collects some prerequisites on categories with Garside families. It is 
mostly self-contained apart from the next section where the proofs are omitted; we 
refer for them to the book (DDGKM) to appear. 

2. Basic results on Garside families 

Given a category C, we write / € C to say that / is a morphism of C, and 
C{x,y) for the set of morphisms from x € ObjC to y G ObjC. We write fg for 
the composition of / € C{x, y) and g £ C{y,z), and C{x) for C{x,x). By S C C we 
mean that 5 is a set of morphisms in C . 

All the categories we consider will be left-cancellative, that is a relation hf — 
hg implies f — g, and right-cancellative, so f — g is also implied by fh — gh; 
equivalently every morphism is a monomorphism and an epimorphism. We say 
that / left divides g, written f ^ g, if there exists h such that g = fh. Similarly 
we say that / right divides g and write g ^ / if there exists h such that g = hf. 

We denote by C ^ the set of invertible morphisms of C , and write / = ^ g if there 
exists h G such that fh — g (or equivalently there exists h € such that 

f^gh). 

Definition 2.1. A Garside family in C is a subset S <Z C such that; 

• S together with generates C. 

• For every product fg with f,g G S — , either fg e SC^ in which case 
we say that the 1-term sequence {fg) is the S-normal decomposition of fg, 
or we have fg — figi, where fi S, gi € SC^ — are such that any 
relation h ^ with h d S implies h ^ kfi; in this case we say that 
the 2-term sequence (/i,gi) is an S-normal decomposition of fg. 
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We extend 5- normal decompositions to longer lengths by saying that {xi , . . . ,Xn) 
is an 5-normal decomposition of if for each i the sequence {xi,Xi+i) 

is an 5-normal decomposition. In a category with a Garside family every non- 
invertible element x admits an 5-normal decomposition. We will just say "normal 
decomposition" if S is clear from the context. Normal decompositions are unique 
up to invertibles, precisely 

Lemma 2.2. If (xi, . . . ,Xn) and {x'l, . . . ^ x'^,) are two normal decompositions of x 
then n — n' and for any i we have xi . . . Xi =^ x'l . . .x[. 

Head functions. We have the following criterion to be Garside: 

Proposition 2.3. Let S <Z C together with generate C, and let H be a function 
C — ^ S. Consider the following properties 

(i) VgeC-C^i^(.g) 

(ii) yg e C - ,\fh e S,h 4 g ^ h 4 H{g). 

(iii) yf€CygeC-C^,Hifg)^>^ H{fH{g)). 

(iv) SC^ UC^ is closed under right-divisor. 

Then S is Garside if (i), (ii), (iii) hold for some H, or if (i) and (ii) hold for some 
H, and (iv) holds. Conversely if S is Carside then (iv) holds and there exists H 
satisfying (i) to (iii) above; such a function is called an S -head function. 

An 5-hcad function H computes the first term of a normal decomposition in the 
sense that if {xi, . . . is a normal decomposition of x then H{x) =^ xi. 

For / G C we define Ig^ (/) to be the minimum number k of morphisms si, . . . , Sk G 
S such that si . . . sfe =x /, thus lg5(/) = if / e C><; if / ^ C>< then Ig^if) is 
also the number of terms in a normal decomposition of /. Wc have the following 
property: 

Lemma 2.4. Let H be an S-head function, and for x £ C — let x' be defined by 
x = H{x)x'. Then \gs[x') < \gs{x). 

The following shows that S "determines" C up to invertibles; we say that a subset 
Ci of C is closed under right quotient if an equality f — gh with f,g^Ci implies 
h e Ci. 

Lemma 2.5. Let S be a Carside family in C. Let Ci be a subcategory of C closed 
under right- quotient which contains S. Then C = CiC^ and S is a Garside family 
in Ci . 

Categories with automorphism. Most categories we want to consider will have 
no non-trivial invertible element, which simplifies Definition 12.11 The only source 
of invertible elements will be the following construction. 

An automorphism of a category C is a functor F : C ^ C which has an inverse. 
Given an automorphism F of finite order of the category C, we define 

Definition 2.6. The semi-direct product category C xi (F) is the category whose 
objects are the objects ofC and whose morphisms with source x are the pairs {g, F^), 
which will be denoted by gF^ , where g is a morphism of C with source x and i 
is an integer. The target of this morphism is -F~'(target((7)), where ta,Tget{g) is 
the target of g. The composition rule is given by gF^ ■ hF^ = gF''{h)F''~^^ when 
source(/i) = F~*(target((7)). 
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The conventions on F are such that the composition rule is natural. However, 
they imply that the morphism F of the semi-direct product category represents the 
functor F~^: it is a morphism from the object F{A) to the object A and we have 
the commutative diagram: 

F(f) 

F{A) — ^ FiB) 



A — ^B 

When C has Garside family S, we call Garside automorphism of {C,S), an 
automorphism F which preserves SC^ . 

Lemma 2.7. If S is a Garside family in C, and F a Garside automorphism of 
{C,S), then S is also a Garside family m C x (F). 

If (/i, . . . fk) is an <S-normal decomposition of / € C then (/i, . . . , fkF^) is an <S- 
normal decomposition of /F' S C x (F). Note that if C has no non-trivial invertible 
element, then the only invertibles in C xi {F) are In general, if a, 6 e C 

then aF* =^ bF^ if and only if a =^ 6. 

We have the following property 

Proposition 2.8. Assume that C has a Garside family S and has no non-trivial 

invertible morphisms. Left F he a Garside automorphism of C. Then the subcate- 
gory of fixed objects and morphisms has a Garside family which consists of the 
fixed points . 

Gcds and Icms, Noetherianity. The existence of gcds and Icms are related when 
C is right-Noetherian, which means that there is no infinite sequence fo )p fi . . . )p= 
fn'^ ■ . ■ where /i+i is a proper right divisor of fi, that is we do not have fi=^ fi+i- 
It means equivalently since C is left cancellative that there is no infinite sequence 
fo =4 fi ■ ■ ■ 4 fn 4 ■ ■ ■ 4 f where fi is a proper left divisor of fi+i. 

We say that C admits local right Icms if, whenever / and g have a common right 
multiple, they have a right 1cm. We then have: 

Proposition 2.9. If C is right Noetherian and admits local right Icms, then any 
family of morphisms of C with the same source has a left gcd. 

Here is a more general situation when a Garside family of a subcategory can be 
determined. If C admits local right Icms we say that a subset X C C is closed under 
right 1cm if whenever two elements of X have a right 1cm in C this 1cm is in X. 

Lemma 2.10. Let S be a Garside family in C assumed right-Noetherian and having 

local right Icrns. Let Si C S be a, subfamily such that SiC^ is as a subset of 
SC^ closed under right-lcm and right-quotient; then Si is a Garside family in the 
subcategory Ci generated by SiC ^ . Moreover C\ is a subcategory closed under right- 
quotient. 

The following lemma about Noetherian categories will also be useful: 

Lemma 2.11. Let C be a category and S be a set of morphisms which generates 
C. Let X be a set of morphisms of C with same source satisfying 

(i) X is closed under left divisor and X = XC ^ . 

(ii) X is a bounded and right Noetherian poset. 
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(iii) IffGX,g,h^S and fg, fh ^ X then g and h have a common right- 
multiple m such that fm G X . 

Then X is the set of left- divisors of some morphism of C . 

Garside maps. An important special case is when S is attached to a Garside map. 

A Garside map is a map ObjC ^ C where A(x) € C{x^ — ) such that SC^ U is 
the set of left divisors of A. Since by Proposition 12 . 3f iv') the set SC^ UC^ is stable 
by right divisor, it is also the set of right divisors of A. 

This allows to define a functor $, first on objects by taking for ^{x) the target 
of A(x), then on morphisms, first on morphisms s € S by, if s e C{x, — ) defining 
s' by ss' — A (we omit the source of A if it is clear from the context) and then 
<i>(s) by s'$(s) = A. We then extend A by using normal decompositions; it can 
be shown that this is well-defined and defines a functor such that for any / € C we 
have /A = A<i>(/). It can also be shown that the right-cancellativity of C implies 
that $ is an automorphism. 

The automorphism (f> is a typical example of a Garside automorphism that we 
will call the canonical Garside automorphism. 

If S is attached to a Garside map, we then have the following properties: 

Proposition 2.12. (i) If f 4 9 then Ig^if) < lgs{g). 

(ii) Assume f,g,h G S and {f,g) is S -normal; then lgg{ fgh) < 2 implies 
gh e 5C^. 

We will write A^ for the map which associates to an object x the morphism 
A(a:)A($(a;)) . . . A(<i>^'^^(a::)). For any / e C(x, -) there exists p such that / =^ 
AP{x). 

Example 2.13. An example of a category with a Garside family is a Garside 
monoid, which is just the case where C has one object. In this case we will say 
Garside element instead of Garside map. A classical example is given by the Artin 
monoid {B^ , S) associated to a Coxeter system {W, S). Then is left and right- 
cancellative, Noetherian, admits local left-lcms and right-lcms and has a Garside 
family, the canonical lift W of W in i?"*", which consists of the elements whose 
length with respect to S is equal to the length with respect to S of their image in 
W. The Garside family W is attached to a Garside element if and only if W is 
finite. In this case the Garside element is the lift in W of the longest element of 
W. 

3. The conjugacy category 

The context for this section is a left and right-cancellative category C. 

Definition 3.1. Given a category C, we define the conjugacy category AdC of C 
as the category whose objects are the endomorphisms of C and where, for w G C{A) 
and w' € C{B) we set AdC{w,w') = {x G C{A,B) \ xw' = wx}. We say that x 
conjugates w to w' and call centralizer of w the set AdC{w). The composition of 
morphisms in AdC is given by the composition in C, which is compatible with the 
defining relation for Ad C . 

Note that the definition of AdC{w,w') is what forces the objects of AdC to be 
endomorphisms of C. 
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Since C is left-cancellative, the data x and w determine w' (resp. since C is right- 
cancellative x and w' determine w). This ahows us to write for w' (resp. ^w' for 
w)] this iUustrates that our category AdC is a right conjugacy category; we could 
caU left conjugacy category the opposed category. 

A proper name for an element of KAC{'w^w') should be a triple w ^ w' , since 
X by itself does specify neither its source w nor its target w', but we will use 
just X when the context makes clear which source w is meant (or which target is 
meant). The functor / which sends w G Obj(AdC) to source(w) and w ^ w' to 
X is faithful, though not injective on objects. The faithfulness of / allows us to 
identify AdC(?i», — ) to the subset {x G C(source(w), — ) | x =4 wx} (resp. identify 
AdC{—,w) to the subset {x e C(— , source(w;)) | xw ;>= x}). 

It follows that the category Ad C inherits automatically from C properties such as 
cancellativity or Noetherianity. The functor / maps (AdC)^ surjectively to C^, so 
in particular the subset AdC{w, — ) of C(source(z«), — ) is closed under multiplication 
by C ^ . In the proofs and statements which follow we identify Ad C to a subset of 
C and (AdC)^ to C^; for the statements obtained about AdC to make sense, the 
reader has to check that the sources and target of morphisms viewed as morphisms 
in AdC make sense. 

Lemma 3.2. • The subset AdC ofC is closed under right- quotient, that is 

if we have an equality y = xz where y G KAC{w^w'), x € AdC(it;, — ) and 
z £ C(— , source(w')), then z g AdC(— , w'). 
• The subset AdC (w, —) o/C(source(w), — ) is closed under right-lcm, in the 
sense that if x,y e AdC(?i',— ) have a right-lcm m C(source(u'), — ) then 
this right-lcm is in AdC(u;, — ) and is a right-lcm of x and y in AdC. In 
particular if C admits local right-lcms then so does AdC. 
Similarly AdC{—,w) is a subset o/ C(— , source(i/;)) closed under left-lcm and 
left- quotient. 

Proof. We show the stability by right-quotient. If y,x,z are as in the statement, 
we have x =4 wx and yw' — wy. By cancellation, let us define w" by xw" — wx. 
Then from xz — y ^ wy — wxz — xw" z we deduce by cancellation that z ^ w" z, 
so z £ AdC(u',u'i) where zwi — w"z. Now since y — xz the equality yw' = wy 
gives xzw' — wxz — xw" z = xzwi which shows by cancellation that wi — w' . 

We now show stability by right-lcm. x,y € AdC{w, —) means that x =^ wx 
and y ^ wy. Suppose now that x and y have a right-lcm z in C. Then x ^ wz 
and y =^ wz from which it follows that z =^ wz, that is z G AdC(u',— ), and z is 
necessarily the image of a right-lcm of x and y in AdC. 

The proof of the second part is just a mirror symmetry of the above proof. □ 

Proposition 3.3. Assume that S is a Garside family in C; then AdC n S is a 
Garside family in AdC and S-normal decompositions of an element of AdC are 
AdC n S-normal decompositions. 

Proof. We will use Proposition 12 .31 bv showing that (AdCn5) UC^ generates AdC 
and exhibiting a function H : Ad C — C^ ^ Ad C H 5 which satisfies Proposition 
[Q^n. (ii) and (iii). 

Let H he a. 5- head function in C. We first show that the restriction of H to 
AdC takes its values in AdC n S. Indeed if a; =^ wx then H{x) =<; H{wx) 
H{wH{x)) ^ wH{x). 
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We now deduce by induction on Ig^ that (AdC D S) U generates AdC. If 
X e Ad C is such that Ig^ (x) = 1 then x ~ se with s E S and e E . Since Ad C is 
closed under muhiphcation by we have s E AdC 5, whence x E {AdC nS)C^ . 
Assume now that x E AdC is such that lg5(a;) = n and define cc' by a; = H{x)x' . 
Since we know that H{x) E AdC, we deduce by Lemma [3.21 that x' E AdC; by 
Lemma 12.41 we have \gg{x') < n, whence the resuh. 

It is obvious that the restriction of H to AdC — C^ stiU has properties (i), (ii), 
(iii) of Proposition 12.31 thus is a head function, which proves that AdC n 5 is a 
Garside family. The assertion about normal decompositions follows. □ 

Simultaneous conjugacy. A straightforward generalization of conjugacy cate- 
gories is "simultaneous conjugation categories" , where objects are families of mor- 
phisms wi, . . . , Wn with same source and target, and morphisms verify x ^ WiX for 
all i. Most statements have a straightforward generalization to this case. 

i^-conjugacy. We want to consider "twisted conjugation" by an automorphism, 
which will be useful for applications to Deligne-Lusztig varieties, but also for in- 
ternal applications, with the automorphism being the one induced by a Garside 
map. 

Definition 3.4. Let F be an automorphism of the category C. We define the F- 
conjugacy category of C , denoted by F-AdC, as the category whose objects are 
the morphisms in some C{A, F{A)) and where, for w E C{A, F(A)) and w' E 
C{B,F{B)) we set F-AdC{w,w') = {x E C \ xw' = wF{x)}. We say that x 
i^-conjugates w to w' and we call i^-centralizer of a morphism w of C the set 
F-AdC{w). 

Note that f-conjugacy specializes to conjugacy when F = Id and that the F- 
centralizer of x is empty unless x E C(A, F{A)) for some object A. 

We explore now how these notions relate to conjugation in a semi-direct product 
category. 

• Consider the application which sends w E C{A,F{A)) C Obj(i^-AdC) 
to e (C X {F)){A) c Obj(Ad(C x {F))). Since x{w'F) = {wF)x is 
equivalent to xw' — wF{x), this extends to a functor J from F- AdC to 
Ad(C X (F)). This functor is clearly an isomorphism onto its image. 

The image J(Obj(F- AdC)) is the subset of C x {F) which consists of endomor- 
phisms which lie in CF; and J(F-AdC) identifies via / to the subset of C x (F) 
whose elements are both in Ad(C x (F)) and in C. 

As in Ad(C x (F)) there is no morphism between two objects which do not have 
the same power of F, the full subcategory that we will denote Ad(CF) of Ad(C x (F)) 
whose objects are in CF is a union of connected components of Ad(C x (F)); thus 
many properties will transfer automatically from Ad(C x (F)) to Ad(CF). 

In particular, if C has a Garside family iS and F is a Garside automorphism, 
then S is still a Garside family for C x (F) by 12. 7[ and by Proposition 13.31 and the 
above gives rise to a Garside family S D Ad(CF) of Ad(CF). The image of J is the 
subcategory of Ad(CF) consisting (via /) of the morphisms in C, thus satisfies the 
assumptions of Lemma [2.51 it is closed under right quotient, because in a relation 
fg = hiif and h do not involve F the same must be true for g, and contains the 
Garside family S f] Ad(CF) of Ad(CF). 



8 



F. DIGNE AND J. MICHEL 



This will allow to generally translate statements about conjugacy categories to 
statements about _F-conjugacy categories. For example, J^^{S n Ad{CF)) is a 
Garside family for F-AdC; this last family is just F- AdC n S when identifying 
F-AdC to a subset of C. 

If F has finite order, since (xF)^ — Fx — (xF)^ two morphisms in CF are 
conjugate in C x (F) if and only if they are conjugate by a morphism of C. 

4. The cyclic conjugacy category 

A restricted form of conjugation called "cyclic conjugacy" will be important in 
applications. In particular, it turns out (a particular case of Proposition 14. 5|) that 
two periodic braids are conjugate if and only if they are cyclically conjugate. 

Definition 4.1. We define the cyclic conjugacy category cycC of C as the subcat- 
egory of AdC generated by {x G AdC{'w,w') \ x =<; w}. 

That is, cycC has the same objects as AdC but contains only the products of 
elementary conjugations of the form w — xy ^ yx — w' . Note that since C is left- 
and right-cancellative, then U„,{a; G AdC{w,w') \ x ^ w} = Uu_,{a; G AdC{w,w'^ \ 
w' )p x} so cyclic conjugacy "from the left" and "from the right" are the same. To 
be more precise, the functor which is the identity on objects, and when w = xy and 
w' = yx, sends x G cycC(w,w') to y G cycC{w' ^w), is an isomorphism between 
cycC and its opposed category. 

Proposition 4.2. Assume C is right- Noetherian and admits local right-lcms; if S 
is a Garside family in C then the set Si = Uiu{a; G AdC{w, ~) \ x ^ w and x G 5} 
is a Garside family in cycC 

Proof. We first observe that SiC^ generates cycC. Indeed \i x ^ w and we choose 
a decomposition product of morphisms in SC^ it is clear that 

each Si is in cycC, so is in Si. 

The proposition then results from Lemma r2.10l which applies to cycC since SiC^ 
is closed under right-divisor and right-lcm; this is obvious for right-divisor and for 
right-lcm results from the facts that 5, being a Garside family, is closed under 
right-lcm and that a right-lcm of two divisors of is a divisor of w. □ 

We also see by Lemma [2. 101 that cycC is closed under right-quotient in AdC. 

We now prove that independently of the choice of a Garside family 5 in C the 
category cycC has a natural Garside family defined by a Garside map; this Garside 
family is usually larger than the Garside family Si of Proposition 14.21 since it 
contains all left divisors of w even if w is not in S. 

Proposition 4.3. Assume C is right Noetherian and admits local right-lcms; then 
the set S' = Uw{x G AdC{w, —) \ x =4 w} is a Garside family in cycC attached 
to the Garside map A such that A{w) = w G cycC(i«); the corresponding Garside 
automorphism $ is the identity functor. 

Proof. The set S' generates cycC by definition of cycC. It is closed under right- 
divisors since xy ^ w implies x ^ w so that is defined and y ^ w^; since C is 
right Noetherian and admits local right-lcms, any two morphisms of C with same 
source have a gcd by Proposition 12.91 We define a function H : eye C — > 5' by 
letting H{x) be an arbitrarily chosen left-gcd of x and w if a; G cycC(w, — ). Since 
cycC is closed under right- divisor, the restriction of H to non invertible elements 
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satisfies properties Proposition 12.31 (i) , (ii) and (iv) , so S' is a Garside family for 
cycC. Tlie set of morphisnis in 5' with source w has w as a 1cm. Moreover if 
w is a right-divisor of A{w) ~ w in cycC, which defines v' such that w = v'v, 
then v' € cycC(w,vv') thus the source of v is vv' and v divides vv' , so v d S'; all 
conditions of Proposition 12.31 are fulfilled, and A is a Garside map since S'{w,—) 
is the set of left divisors of A(w). The equation xw^ — wx shows that $ is the 
identity. □ 

Proposition 4.4. Assume C is right- Noetherian and admits local right-lcms; then 
the subcategory cycC of Ad C is closed under left-gcd (that is, a god in AdC of two 
morphisms in cycC is in cycCj. 

Proof. Let (xi, . . . , x„) and {yi, . . . , ym) be iS'-normal decompositions respectively 
of x € CYcC{w, — ) and y £ eye C{w, — ) where S' is as in Proposition 14.31 

We first prove that if gcd(a;i,yi) =^ 1 then gcd{x,y) 1 (here we consider 
left-gcds in AdC). We proceed by induction on inf{TO,n}. We write A for A{w) 
when there is no ambiguity on the source w. We have that gcd(x, y) divides 

gcd(a;i . . .x„_iA,?/i . . .j/™_iA) =^ gcd(Aa;i . . .a;„_i, Aj/i . . .y„i_i) 

= ^ Agcd(xi . . .a;„_i,yi . ..ym-i) =^ A = w, 

where the first equality uses that $ is the identity and the one before last results 
from the induction hypothesis. So we get that gcd(a;,?/) divides w in AdC, so 
gcd{x,y) € S'; thus gcd(a;,y) divides xi and yi, so is trivial. 

We now prove the proposition. If gcd(a;i ,yi) 1 then gcd(x, y) 1 thus is in 
cycC and we are done. Otherwise let di be a gcd of xi and yi and let x''^\ y*-^^ be 
defined hy x = dix'^^\ y — diy^^\ Similarly let d2 be a gcd of the first terms of a 
normal decomposition of x'^^\ y*-^^ and let x^'^\ y^^^ be the remainders, etc. . . Since 
C is right-Noetherian the sequence di,did2, ■ ■ ■ of increasing divisors of x must 
stabilize at some stage k, which means that the corresponding remainders x^''^ and 
y^'^^ have first terms of their normal decomposition coprime, so by the first part are 
themselves coprime. Thus gcd(a;. y) =^ di . . . dk (z cycC. □ 

We now give a quite general context where cyclic conjugacy is the same as 
conjugacy. 

Proposition 4.5. LetC be a right Noetherian category with a Garside map A, and 
let X be an endomorphism of C such that for n large enough we have A ^ x" . Then 
for any y we have cycC{x,y) — AdC(a;.y). 

Proof. We first show that the property A ^ is stable by conjugacy (up to 
changing n). Indeed, if u € AdC(a;, — ) then there exists k such that u =4 A'^. Then 
(•2.u)n(fe+i) ^ (^«(fe+i)yu ^ (u-i2;"(fe+i))y is divisible by A since A'^+i x'^'-'^+^l 

It follows that it is sufficient to prove that if / S AdC(a::,y), f ^ , then 
gcd(/, a;) ^ C^. Indeed write / = ufi where u = gcd(/, x) then since u e 
cycC(a;,a;") it is sufficient to prove that /i € AdC(a;",y) is actually in cycC(a;",y), 
which we do by induction since C is Noetherian and still satisfies the same 
condition. 

Since as observed any u £ AdC(a;, — ) divides some power of x (x"*^ if m =<; A*^) it 
is enough to show that if u e AdC(x, — ), u ^ and u =4 x", then gcd(M,a:) ^ C^. 
We do this by induction on n. From u S AdC(a;, — ) we have u ^ xu, and from 
M ^ we deduce u =4 xgcd{u,x^^^). If gcd(u, x"^^) e C^ then u ^ x and we are 
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done: gcd{x,u) — u. Otherwise let ui — gcd{u,x^ ^). We have ui =4 xui, ui ^ 
and ui =4 x"'~^ thus we are done by induction. □ 

The F-cyclic conjugacy. Let be a finite order automorphism of the category C. 
We define F- cycC as the subcategory of F- AdC generated by {x G F- AdC(w, w') \ 
X =4 w}, or equivalently, since C is left- and right-cancellative, by {x £ AdC(u;, w') \ 
w' ^ F(x)}. By the functor J, the morphisms in F-cycC{w,w') identify to the 
morphisms in cyc(C x {F))(wF,w' F) which lie in C. To simplify notation, we will 
denote by cycC{'wF,w' F) this last set of morphisms. If C is right-Noetherian and 
admits local right-lcms, then C x {F) also. If 5 is a Garside family in C and F 
is a Garside automorphism, and we translate Proposition 14.21 to the image of J 
and then to i^-cycC, we get that lJw{x e F- AdC(w, — ) | x =:<; w and a; G 5} is a 
Garside family in F-cycC. 

Similarly Proposition 14.31 savs that the set Uw{x £ F-AdC{w, — ) | a; w} is a 
Garside family in F-cycC attached to the Garside map A which sends the object 
w to the morphism w £ F- cycC{w, F{'w)); the associated Garside automorphism 
is the functor F. 

Finally Proposition 14.41 says that under the assumptions of Proposition 14.31 the 
subcategory F-cycC of F- AdC is closed under left-gcd. 



5. An example: ribbon categories 

In the context of an Artin monoid {B'^, S) (see Example 12. 13p we want to study 
the conjugates and the normalizer of a parabolic submonoid (the submonoid gen- 
erated by a subset of the atoms S). The "ribbon" category that we consider in this 
section occurs in the work of Paris |Pa| and Godelle [G] on this topic. In Section 
[8] we will attach parabolic Deligne-Lusztig varieties to the morphisms of the rib- 
bon category and endomorphisms of these varieties to morphisms in the conjugacy 
category of this ribbon category. 

Since most results work in the more general situation of a Garside monoid and 
a parabolic submonoid we will place ourselves in this context. 

Definition 5.1. Let M be a (cancellative) right-Noetherian monoid which admits 
local right Icm 's. We say that a submonoid M' is parabolic if it is closed by left- 
divisor and right-lcm. 

Lemma 5.2. The above assumption is satisfied when we take for M an Artin 
monoid and for M' the "parabolic" submonoid B^ generated by I C S. 

Proof. We first show that B^ is closed by left-divisors. Since both sides of each 
defining relation for _B+ involve the same generators, two equivalent words involve 
the same generators. Hence if xy = z with z £ B^ then x has an expression 
involving only elements in I so is in B^ . This implies also that if two elements have 
a right-lcm S in B^ , then S is divisible by their right-lcm in _B+, so has to be equal 
to that right 1cm. It remains to show that two elements which have a common 
multiple in B~^ have a common multiple (hence a right-lcm) in B^ . Taking heads 
we see that it is sufficient to prove that two elements of Wj which have a common 
right- multiple in W have a common multiple in Wj. This is true since any element 
of W can be written uniquely as vw with v £ Wi and w not divisible by any 
element of I . □ 
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In the rest of this section we fix a cancellative right-Noetherian monoid M which 
admits local right Icms and a Garside family 5 in M. 

Lemma 5.3. Let M' be a parabolic submonoid of M . Then any u e M has a 
maximal left-divisor aM'{u) in M' . 

Proof. The set X — {x E M' \ x ^ u} \s & subset of M' which satisfies the 
assumptions of Lemma 12.111 it is closed under left-divisor, it is right-Noetherian 
and if xg and xh are in X with g,h E M' , then \cm{g,h) exists, since g and h 
left-divide x~^u, hence xlcm{g,h) is in X since it divides u and \cm{g,h) G M'. 
Thus X is the set of divisors of some morphism q;m'(u). □ 

Lemma 5.4. Let M' be a parabolic submonoid of M and S be a Garside family in 
M ; assume that S' = SCiM' together with M'^ generates M' , then S' is a Garside 
family in M' . 

Proof. Let H be an 5-head function in M . Since M' is closed under left-divisor, 
for g G M' — {1} we have H{g) G S' . It is then straightforward that the restriction 
of H to M' — {1} satisfies properties (i), (ii) and (iii) of I2.3[ whence the result. □ 

The simultaneous conjugacy category. We now consider a submonoid of M 
generated by a subset of the atoms. Let S be the set of atoms of M ; for I C S we 
denote by Mi the submonoid generated by I. 

Assumption 5.5. We assume that for s € S any conjugate t in M of s is in S 
(that is, ifsf — ft with f and t in M then t € Sj. 

The above assumption is automatic if AI has homogeneous relations, or equiv- 
alently has an additive length function with atoms of length 1. This is clearly the 
case for Artin monoids. 

Under this assumption a conjugate of a subset of 5 is a subset of S. In the 
following we fix an orbit I under conjugacy of subsets of S and we make the 
following assumption: 

Assumption 5.6. For any I G T the monoid Mj is parabolic. 

Let Ad(M, Z) be the connected component of the simultaneous conjugacy cat- 
egory of M whose objects are the elements of I. A morphism in Ad(M, I) with 
source I G X is a b G M such that for each s G I we have G M, which by 
Assumption 15.51 implies s** G S. We denote such a morphism in Ad(M, J) by 

I J where J = {s'^ | b G I}, and in this situation we write J = l'^. 

By Proposition 13.31 the set {I -^^ I*^ | b G 5} is a Garside family in Ad(M, I). 

The ribbon category. In our context we will just write aj for aMi and denote 
by aji(b) the element defined by b = ai(b)a;i(b). We say that b G Af is I-reduced 
if it is left-divisible by no element of I, or equivalently if ai{h) = 1. 

Definition 5.7. We define the ribbon category M{T) as the subcategory of Ad(M,I) 
obtained by restricting the morphisms to the I J such that b is 1-reduced. 

That the above class of morphisms is stable by composition is the object of (ii) 
in the next proposition; and (i) is a motivation for restricting to the I-reduced 
morphisms by showing that we "lose nothing" in doing so. 
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Proposition 5.8. (i) (I J) G Ad(Af,Z) if and only if (I I) e 

Ad{M,I) and (I J) e M{I). 

(ii) // (I J) e Ad(Af,Z) then for any h' e M we have aj(b') ^ ai(bb')''. 
In particular if (I J) G M{I) and (J ^ K) £ Ad(A'f,Z) then (I ^ 
K) e M(I) if and only if (J ^ K) G M{I). 

(iii) Let I J and I J' &e two morphisms of Ad{M,I) and let I A- I*^ 
be their right Icm which by Lemma \3.2\ exists and is obtained for c the 
right-lcm in M ofh and h' ; then ifh and h' are 1-reduced, then c is also. 

Proof. Let us prove (i). We prove by induction on tlie length of b that if s e I 
and e M then s"''^''^ G I. This will prove (i) in one direction. The converse is 
obvious. 

By Assumption 15 . 51 we have sb = bt for some t G S. If s =^ b we write b = sb' 
so that sb' = b't. We have ai(b) = sai(b') and we are done by induction. If s 
does not divide b then the 1cm of s and ai(b) divide sb — bt and this 1cm can be 
written sv = ai(b)u, with v and u in Mi since Mi is closed by right-lcm. We get 
then that v divides b, so divides Qi(b); thus ai(b)u = vau for some a e A/. By 
Assumption 15 . 5 1 we have that au e S, thus a = 1 and u e S, hence u e I which is 
the result. 

Let us prove (ii). For s e I let s' = s'' e J. Assume first that s ^ b. Then 
bs' = sb is a common multiple of s and b which has to be their 1cm since s' is 
an atom. So for s e I we have s =^ bb' if and only if bs' =<; bb', that is, s*' b' 
whence the result. Now if s =^ b we write b — s'^bi with s ^ bi; we have s' = s^^ 
and the above proof, with bi instead of b, applies. 

To prove (iii) we will actually show the stronger statement that if for h,c E M 
we have b =<; c, I*' C S then ai(b) =^ ai(c) (which is obvious) and u;i(b) ^ a;i(c) 
(then in the situation of (iii) we get that wi(c) is a common multiple of b and b', 
thus c ^ wi(c), which is impossible unless ai{c) — 1). By dividing b and c by cki(b) 
we may as well assume that ai(b) — 1 since c S by (i). We write c = bbi 

and J = I*^. By (ii) we have ai{c)^ = Q;j(bi), whence ai(c)b = baj(bi) =<; bbi = 
c = ai(c)a;i(c). Left-canceling ai(c) we get b ^ wi(c) which is what we want since 
b = wi(b). □ 

Note that by Proposition 15. Sf i) a morphism in M{I) with source I is the same 
as an element b e Af such that Q;i(b) = 1 and for each s g I we have s*^ e M . We 
will thus sometimes just denote by b such a morphism in M(X) when the context 
makes its source clear. 

Next proposition shows that S n M{I) generates M{I). 

Proposition 5.9. All the terms of the normal decomposition in Ad(A/, I) of a 
morphism of M(T) are in M{T). 

Proof. Let (I J) e M{I) and let b = wi . . . Wfc be its normal decomposition 
in Ad(Af, Z) (it is also the normal decomposition in M by Proposition 13. 3p . As 
Vfi e Ad(A/,I), the source of w, is I, = jwi-w.-i ^ g. Now, '^i-'^-iai.(w,) e Mi 
and 

wi...w._i^^^ (Wi) ^ Wl . . . Wi_iai, (Wj) =:<; Wl . . . Wi_lWi =:<; b 

so divides Q;i(b), thus this element has to be 1, whence the result. □ 
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By Proposition lS.SI items 5.8(ii) and 5.8(iii) the subcategory M{I) of Ad(Af,I) is 
closed under right-quotient and right-lcm. By Lemma [2 . 101 Proposition lS^ together 
with 15.91 imphes 



Corollary 5.10. The setSr\M{I) = {(I ^ J) e Ad(M,I) | w e 5 and ai(w) = 

1} is a Gar side family in M{T). 

We can describe the atoms of M{I) when M is any Garside monoid which has 
a Garside element and satisfies some additional assumptions. In that case (which 
includes the particular case of spherical Artin groups) we will give also a convenient 
criterion to decide whether b € M is in M{I). Unless stated otherwise, we assume 
until the end of this section that M has a Garside element A. 

Lemma 5.11. Let Mi he a parabolic submonoid of M generated by a subset I of 
atoms of M . Then Aj = ai(A) is a Garside element in Mi. 

Proof. Let S be the set of divisors of A; then S n Mi generates Mi so that we can 
apply Lemma 15.41 which gives that S n Mi is a Garside family in Mi . Now the 
divisors of A which are in Mi are by definition of ai the divisors of Aj , so that Aj 
is a Garside element in Mj. □ 

We denote by $1 the associated Garside automorphism. Since Mi is parabolic, 
I is the whole set of atoms of A/j, thus $i(I) = I. 

Proposition 5.12. M{X) has a Garside map defined by the collection of morphisms 
I ~ > $(I) for lei. 

Proof. By definition of Ai, we have Q!i(Aj^^A) = 1, so that Aj^^A is an element of 

SnM {!). We have to show that any I J in Sr^M {!) divides I which 
is equivalent to Ajb dividing A. Since Ai and b divide A, their right 1cm 5 divides 
A. We claim that 5 = Ajb. Let us write 5 = bx. We have 5 =<; Ajb = bAj, so that 
X ^ Aj. Thus 5 = bx = yb with y =^ Aj. By definition of 5 we have Aj =^ (5 = yb, 
so that y^^Ai =^ b which implies y = Aj since ai(b) — 1. Hence 5 = Ajb and we 
are done. □ 

Proposition 5.13. Let I E I and let J ^ I be such that Mj is parabolic. Then 

I "^'^''''> <f>j(I) defined by (I = (I — ^ I ^ ^j(I)) « morphism in 

M(I). 

Proof. As noted after Proposition 15.81 we have to show that Q;i(t;(J,I)) = 1 and 
that any t e I is conjugate by ^(J,!) to an element of M. Since A^^Aj divides 
A^^A, and ai(A]^^A) = 1, by definition of Aj, we get the first property. The 
second is clear since by definition ^(J,!) conjugates t to <i>j($f ^(t)). □ 

To describe the atoms we now need the following assumption: 

Assumption 5.14. Let I e I and let J he the set of atoms of a parabolic submonoid 
Mj of M , strictly containing Mi, and minimal for this property. Then for any atom 
s G J — I, the right-lcm of s and Aj is Aj. 

Note that this assumption holds for Artin monoids since for them a J as above 
is of the form I U {s} for some atom s. We have 

Proposition 5.15. Under the Assumptions \5.5\ \5.6\ and \5.14\ 
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(i) Let I G I and g G M such that a\{g) — 1 and such that there exists p > 
such that (Af)f G M. Then g G M(I). 

(ii) The atoms of M{T) are the v{ J,T) not strictly divisible by another v {3' ,1) 
for I G I. 

Proof, (i) is a generalization of result of Luis Paris jPa[ 5.6] . Since M is Noetherian, 
for (i) it suffices to prove that under the assumption g is either invertible or left 
divisible by some non- invertible v G M{I); indeed li g = vg' where I A- 1' G Mil) 
then by 5.8(ii) we have av{g') — 1 and since F = I' we have (Aj,)f G M, so 



(i) is equivalent to the same property for g' and by Noetherianity the sequence 
g, g' , g" , . . . thus constructed terminates with an invertible element. Let s be an 
atom such that s =<; by assumption s ^ Mi thus there exists a minimal parabolic 
submonoid Mj containing s and Mj since the intersection of parabolic submonoids 
is parabolic. We will prove that ^(J,!) =^ g which will thus imply (i). We proceed 
by decreasing induction on p. We show that if for i > we have t ^ A\g for some 
t G J — I (note this holds for i = p since s ^ g ^ ^id) then t;(J, I) ^ A\~^g. The 
right 1cm of t and Ai is Aj by Assumption 15.141 thus from t ^ A^g and Ai A\g 
we deduce Aj A\g. Since Aj — Aiw(J,I) we get as claimed v{3,I) =4 A\~^g. 
Since any atom t' such that t' w(J, I) is in J — I the induction can go on while 
i - 1 > 0. 

We get (ii) from the proof of (i): any element g G M{X) satisfies the assumption 
of (i) for p = lg5(5) and I equal to the source of g\ whence the result since in the 
proof of (i) we have seen that g is a product of some ^(J, K). □ 

Though in the current paper we need only finite Coxeter groups, we note that 
the above description of the atoms also extends to the case of Artin monoids which 
are associated to infinite Coxeter groups (and thus do not have a Garside element). 
Proposition 15 . 161 below can be extracted from the proof of Theorem 0.5 in [Gj . 

In the case of an Artin monoid (i?+,S) the Garside family of 15.101 in B~^{I) is 
W n B+{I) = {I A J G AdB+(I) I w G W and ai(w) = 1}. For I C S and 
s G S we denote by I(s) the connected component of s in the Coxeter diagram 
of I U {s}, that is the vertices of the connected component of s in the graph with 
vertices lU {s} and an edge between s' and s" whenever s' and s" do not commute. 

It may be that the subgroup Wj generated by / is finite even though W is not 
(we say then that I is spherical), in which case we denote by wj the image in W 
of the longest element of Wi. With these notations, we have 

Proposition 5.16. The atoms of B^il) are the morphisms I "^^''""'> "t**''^)! where I 
is inX and s Cz S— I is such that I{s) is spherical, and where v{s,l) ^ 'Wi(s)'^i[s)-{s}- 

6. Periodic elements 

Definition 6.1. LetC be a category with a Garside map A; then an endomorphism 
f of C is said to be ((i,p)-periodic if f'^ G A^C^ for some non-zero integers d,p. 

In the above, we have written A^ for A^'(source(/)). 

Note that if / is (d,p)-periodic it is also (nd, np)-periodic for any non-zero integer 
n. We call d/p the period of /. If $ is of finite order, then a conjugate of a 
periodic element is periodic of the same period (though the minimal pair (d, p) may 
change). It can be shown that, up to cyclic conjugacy, the notion of being {d,p)- 
periodic depends only on the fraction d/p; it results from Proposition 14.51 that two 
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periodic morphisms are conjugate if and only if they are cyclically conjugate; our 
interest in periodic elements comes mainly from the fact that one can describe their 
centralizers. 

We deal in this paper with the case p = 2. We show by elementary computations 
that a {d, 2)-periodic element of C is the same up to cyclic conjugacy as a {d/2, 1)- 
periodic element when d is even, and get a related characterization when d is odd. 

We denote by 5 a Garside family attached to A (that is such that SC ^ U C ^ is 
the set of divisors of A). 

Lemma 6.2. Let f be an endomorphism inC such that £ A^C^ , and let e = [^J . 
Then there exists g G Obj(cycC) such that cycC{f, g) 7^ and g'^ G SC^ and 
g'^eA^C''. 

Further, if g is as in the conclusion above, that is g'^ G A^C^ and g'^ G SC^ , 
then if d is even we have g^ G AC ^ , and if d is odd there exists h G SC ^ such that 
g = h^{h)e and g'^h — A, where e E is defined by g"^ ~ A^e. 

Proof. We will prove by increasing induction on i that for i < d/2 there exists 
V G cycC such that {f Y G and (/")'' G A^C". We start the induction with 
i = where the result holds trivially with v = 1. 

We consider now the general step: assuming the result for i such that z + 1 < 
d/2, we will prove it for i + I. We thus have a v for step i, thus replacing if 
needed / by f" we may assume that G SC^ and G A^C^; we will conclude 
by finding v e S such that w =^ / and G SC" and {f^ e A^C^. If 

=<; A we have the desired result with 1; = 1. We may thus assume that 
lg5(/'+i) > 2. Since =^ A^ we have actually lg5(/*+^) = 2 (see Proposition 
I2.12r il): let (/*w,w) be a normal decomposition of f'^'^^ where f^v G S and w G 
5C^. As f'vw{f'v) 4 f'vwif'vw) = fd =x ^2^ g^j^ ^^^^^ 2 = 

lg^((/*w)ti;(/*u)) — \gg{{f'^v)w). By Proposition I2.12f ii) we thus have w{f^v) G 
5C^. Then SC 3 w{f'v) = w{{vwy)v = (/")*+i and v ^ f. 

So V will do if we can show {f'"Y G A^C^. Since = A^e with e G C^, we 
have that / commutes with A^e, thus /'+^ also, that is $^(/'+^)e = e/'^^ or 
equivalently ^^{f^v)^^{w)e — ef^vw. Now {^^{f^v),^^{w)e) is an 5C^-normal 
decomposition and since (/*w, w) is a normal decomposition, by Lemma 12.21 there 
exists e' G C such that ^^{f''v)e' = ef'v. We have f'A^<S?^{v)e' = A^<S>^{f'v)e' = 
A'^ef^v — f^A'^ev, the last equality since/* commutes with A^e. Canceling /*A^ 
we get $^(w)e' = ev. We have then «(/")'' = f^v = A^ev = A'^^^{v)e' = vA'^e' 
whence the result by canceling v on the left. 

We prove now the second part. From g'^ G SC^ we get that there exists h G SC^ 
such that g'^h = A. If g"^ — A^e with e G we get g'^hAe — A^e — g"^, whence by 
cancellation hAe — g'^g"' with a = 1 if d is odd and a = if d is even. We deduce 
g^g" = hAe = A$(/i)e = g^h<^{h)e, thus h<^{h)e = g" . 

If d is odd we get the statement of the lemma, and if d is even we get h^{h) G , 
so G C^, so G AC^. □ 

F-periodic elements. Let us apply Lemma [^?^ to the case of a semi-direct prod- 
uct category C x (F) with F a Garside automorphism of finite order, where C has 
no non-trivial invertible element and the Garside family 5 of C >^ (F) is in C. Then 
a morphism yF G CF is {d,p) periodic if and only if target(j/) = _F(source(?/)) and 
(yF)'^ = APF'^. 

From the lemma we can deduce the following. 
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Corollary 6.3. Assume $2 = Id and that yF G CF satisfies [yFf = A^F''. Then 

(i) If d — 2e is even, there exists x such that cycCijjF, xF) ^ and {xFY = 
Ai^'^. The centralizer of xF inC identifies to eye C{xF). Further, we may 
compute these endomorphisms in the category of fixed points (cycC)*^ 
since the morphisms in cycC{xF) are '^F'^ -stable. 

(ii) If d = 2e+l is odd, there exists x such that eye C{yF, xF) ^ and (xF)"^ — 
A^F"* and {xFYF'" ^ A. The element s defined by {xFYsF"" ^ A is 
such that, in the category C xi (A) with A = ^^^F~'^ , we have xA^ — (sA)^ 
and {sAY = AA''. The centralizer of xF in C identifies to cycC(sA). 
Further, we may compute these endomorphisms in the category of fixed 
points (eyeC)^ since cycC(sA) is stable by F"^. 

Note that [UHl describes Garside families for the fixed point categories mentioned 
above. 

Proof. Lemma [621 shows that y is cychcally F-conjugate to an x such that (xFY G 
SF'^ and {xFY = A'^F'^ and that if d is even then (xFY = AF'^. If d is odd Lemma 
[Reives the existence of ft. e SC^ such that xF = h<^{h)F'^ and that [xFyh = A. 
Hence we have h = sF^'^ with s e 5, and x = sF"''<i>(sF"'')F'*"i = sA(s). This 
can be rewritten xA^ — (sA)^. Since the elements of AdC(a:;F) commute to F'^ and 
xF = xA^F"^, we have AdC(a;F) = AdC{xA^); hence from {xFYs = AF*" we get 
AdC(a;F) C AdC(sA). Using xA^ = (sA)^ we get the reverse inclusion, whence 
Ad C(a;F) = Ad C(s A). 

We get the corollary if we know that the centralizer of xF, for d even (resp. sA, 
for d odd) is the same as cycC(a;F) (resp. cycC(sA)). But this is an immediate 
consequence of Proposition 14.51 □ 

Conjugacy of periodic elements. 

Theorem 6.4. Let _B+ be the Artin monoid (see \2.1^} attached to a finite Coxeter 
group {W,S). Then two periodic elements of of same period are cyclically 
conjugate. 

Proof. This results from the work of David Bessis on the dual braid monoid. Two 
periodic elements of same period in the classical Artin monoid are also periodic and 
have equal periods in the dual monoid. By |B11 11.21], such elements are conjugate 
in the dual monoid, so are conjugate in the Artin group, hence are conjugate in the 
classical monoid. By Proposition 14.51 thev are cyclically conjugate in the classical 
monoid. □ 

We conjecture that the same results extend to the case of F-conjugacy, where F 
is an automorphism of {W, S), which thus induces a Garside automorphism of B'^ 
via its action of W. 

We conjecture further that for any conjugacy class I of subsets of S, all periodic 
elements in C{T) of a given period are conjugate (thus cyclically conjugate); and 
that this extends also to the case of F-conjugacy. 

Two examples. In two cases we show a picture of the category associated to the 
centralizer of a periodic element. 

We first look at C = B+{W{Di)) and w e C such that = A; following 
Corollarv IB.Sf i) we describe the component of w in the category cycC*. As in 
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Theorem 1 11. 121 '^^ choose w given by the word in the generators 123423 where the 
labehng of the Coxeter diagram is 




13 4 



By CoroUarv l6.3f i) the monoid of endomorphisms cycC(w) generates Cb(w); by 
[BTl 12.5(ii)], Cb(w) is the braid group of Cw{w) ~ G(4,2,2). This braid group 
has presentation (x,y, z | xyz = yzx = zxy). The automorphism x i— > y i— > z 
corresponds to the triahty in D4. One of the generators x corresponds to the 
morphism 24 in the diagram below. The other generators are the conjugates of the 
similar morphisms 41 and 21 in the other squares. 



123243 -^-^ 232431 ^-^ 231431 -^-^ 314312 



\/ 

132432 ■ 



/\ 



•324312 123143- 

3 



3 



231234 243123 



■.\/ 
131234- 



/\ 



143123 



/\ 



\/ 

131432 



■ 3 



We now look at the case of a w in the braid monoid C = B^{W{A5)) such that 
= A^, and following Corollarv l6.3r ii') we describe the component of s$^^ in the 
category cycC x where s is such that w = s$(s). By Corollary I6.3f ii) the 

monoid of endomorphisms cycC(s$~^) generates Cb(w) and again by the results 
of Bessis Cb(w) is the braid group of Cw{w) ~ G(3, 1, 2) (see Theorem I ll.Sp . We 
choose w such that s is given by the word 21325 in the generators. The generator 
of Cb(w) lifting the generator of order 3 of G{3, 1, 2) is given by the word 531. The 
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other one is the conjugate of any of the length 2 cycles 23 in the diagram. 
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7. Representations into bicategories 

We give here a theorem on categories with Garside famihes which generahzes 
a resuh of Dehgne [Dj 1.11] about representations of spherical braid monoids into 
a category; just as this theorem of Dehgne was used to attach a Dehgne-Lusztig 
variety to an element of the braid group, our theorem will be used to attach a 
Deligne-Lusztig variety to a morphism of a ribbon category. Note that our theorem 
covers in particular the case of non-spherical Artin monoids. 

We follow the terminology of |McLl XII. 6] for bicategories. By "representation 
of category C into bicategory X" we mean a morphism of bicategories between C 
viewed as a trivial bicategory into the given bicategory X. This amounts to give 
a map T from Obj(C) to the 0-cells of X, and for / € C of source x and target 
y, an element T{f) G V{T{x),T{y)) where V{T{x),T{y)) is the category whose 
objects (resp. morphisms) are the 1-cells of X with domain T{x) and codomain 
T(y) (resp. the 2-cells between them), together with for each composable pair (/, g) 
an isomorphism T{f )T{g) — > T{fg) such that the resulting square 

(7.1) T{f)T{nT{f") T{ff')T{n 



T{f)T{f'n ~ . Tiffn 

commutes. 

We define a representation of the Garside family S as the same, except that the 
above square is restricted to the case where /, //' and //'/" are in S, (which 
implies /', /", /'/" S S since S is closed under right divisors). We then have 

Theorem 7.2. Let C be a right Noetherian category which admits local right Icms 
and has a Garside family S . Then any representation of S into a bicategory extends 
uniquely to a representation of C into the same bicategory. 

Proof. The proof goes exactly as in [D] , in that what must been proven is a simple 
connectedness property for the set of decompositions as a product of elements of S 
of an arbitrary morphism in C — this generalizes [Dl 1.7] and is used in the same way. 
In his context, Deligne shows more, the contractibility of the set of decompositions; 
on the other hand our proof, which follows a suggestion by Serge Bouc to use a 
version of jBoucl lemma 6], is simpler and holds in our more general context. 

Fix g G C with g ^ . We denote by E{g) the set of decompositions of g into 
a product of elements oi S — . 

Then E{g) is a poset, the order being defined by 

(51, . . . ,gi-i,gi,gi+i, . . .,gn) > (ffi, . • . , a, 6, 5^+1, . . . ,g„) 
if ah = gi G S. 

We recall the definition of homotopy in a poset E (a translation of the corre- 
sponding notion in a simplicial complex isomorphic as a poset to E). A path from 
xi to Xk in is a sequence xi . . .Xk where each Xi is comparable to Xi^i. The 
composition of paths is defined by concatenation. Homotopy, denoted by is the 
finest equivalence relation on paths compatible with concatenation and generated 
by the two following elementary relations: xyz ^ xz il x < y < z and both xyx ~ x 
and yxy ^ y when x < y. Homotopy classes form a groupoid, as the composition of 
a path with source x and of the inverse path is homotopic to the constant path at 
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X. For X €z E we denote by Hi [E, x) the fundamental group of E with base point 
X, which is the group of homotopy classes of loops starting from x. 

A poset E is said to be simply connected if it is connected (there is a path linking 
any two elements of E) and if the fundamental group with some (or any) base point 
is trivial. 

Note that a poset with a smallest or largest element x is simply connected since 
any path (x, y,z,t,...,x) is homotopic to (x, y, x, z, x, i, x, . . . , x) which is homo- 
topic to the trivial loop. 

Proposition 7.3. The set E{g) is simply connected. 

Proof. First we prove a version of a lemma from [Bouc] on order preserving maps 
between posets. For a poset E we put E>x = {x' & E \ x' > x}, which is a 
simply connected subposet of E since it has a smallest element, li f : X Y 
is an order preserving map it is compatible with homotopy (it corresponds to a 
continuous map between simplicial complexes), so it induces a homomorphism /* : 

ni(x,x)-^ni(r,/(x)). 

Lemma 7.4 (Bouc). Let f : X ^ Y an order preserving map between two posets. 
We assume that Y is connected and that for any y £ Y the poset f~^(Y^y) is 
connected and non empty. Then f* is surjective. If moreover f~^{Y>y) is simply 
connected for all y then f* is an isomorphism. 

Proof. Let us first show that X is connected. Let x, x' e X; we choose a path 
yo . . .yn in Y from j/o — f{x) to y„ — f{x'). For i — 0, . . . , n, we choose Xi e 
/^^(y>j,J with X(i = X and a;„ = x' . Then if yi > yi+i we have f~^{y>yi) C 
/^^(y>j,.^j) so that there exists a path in /^^(y>j/i+i) from Xi to x^+i; otherwise 
Vi < yi+ii which implies f~'^{Y>y^) D /~^(^>yi+i) and there exists a path in 
f^^{Y>y.) from Xi to x^+i. Concatenating these paths gives a path connecting x 
and x' . 

We fix now xq S X. Let yo = /(xo). We prove that /* : Wi{X,xq) -> ni(y, yo) 
is surjective. Let yoj/i ■ • • 2/™ with i/„ = yo be a loop in Y . We lift arbitrarily 
this loop into a loop xq — • — x„ in X as above, (where Xi — Xi+i stands for a 
path from Xi to Xi+i which is either in f^^{Y>y^) or in f~^{Y>y^^^). Then the 
path f(xQ — xi — • — Xn) is homotopic to yo- this can be seen by induc- 
tion: let us assume that /(xq — xi • • — Xi) is homotopic to yo ■ ■ ■ yif{xi); then 
the same property holds for i + 1: indeed ytyi+i ~ yif{xi)yi+i as they are two 
paths in a simply connected set which is either Y>y^ or Y>y^^^ ; similarly we have 
f{xi)yi+if{xi+i) ^ /(x— Xi+i). Putting things together gives 

yo . . . y^y^+lf{x^+l) ~ yoyi . . . yJ{x^)y^+lf{x^+l) 

~ f{xo Xi)yi+if{xi+i) 

~ /(xq X— Xi+i). 

We now prove injectivity of /* when all f~^(Y>y) are simply connected. 

We first prove that if xq — x„ and x'q — • — x'^ are two loops lifting the 

same loop yo . . .yn, then they are homotopic. Indeed, we get by induction on i 
that xo — • — Xi — x'i and Xq — • — x^ are homotopic paths, using the fact that 
Xi-i, Xi, x^_2 and x^ are all in the same simply connected sub-poset, namely either 
f~Hy>y.-.) or f-HY>y^). 

It remains to prove that we can lift homotopies, which amounts to show that 
if we lift as above two loops which differ by an elementary homotopy, the liftings 
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are homotopic. If yy'y ^ j/ is an elementary homotopy with y < y' (resp. y > y'), 
then f-HY>y,) C f-\Y>y) (resp. f-HY>y) C rHYyy,)) and the lifting of yy'y 
constructed as above is in f~^{Y>y) (resp. f~^{Y>y')) so is homotopic to the trivial 
path. If y < y' < y" , a lifting of yy'y" constructed as above is in f^^{Y>y) so is 
homotopic to any path in f~^{Y>y) with the same endpoints. □ 

We now prove Proposition 17.31 by contradiction. If it fails we choose g E C 
minimal for proper right divisibility such that E{g) is not simply connected. 

Let L be the set of elements of 5 — which are left divisors of g. For any I C L, 
since the category admits local right Icms and is right Noetherian, the elements of / 
have an 1cm. We fix such an 1cm A/. Let Ei{g) — {{gi, . . . ,5„) € E{g) \ A/ =<; gi}. 
We claim that Ej{g) is simply connected for 1^0. This is clear if g € A/C^, in 
which case Ei{g) = {{g)}. Let us assume this is not the case. In the following, if 
A/ =^ a, we denote by the element such that a — Aja^ . The set E{g^) is defined 
since g ^ A/C^. We apply Lemma mi to the map / : Ei{g) -> E{g^) defined by 

/ N , [(32, • • ■ if 51 = A/ 

(gi,...,5„) ^ < , J \ ■ ■ 

\{9i,92,---gn) otherwise 

This map preserves the order and any set /~"^(y>(gi,....g„)) has a least element, 
namely (A/, (^i, . . . , g„), so is simply connected. As by minimality of g the set 
E[g^) is simply connected Lemma 17.41 implies that Ei{g) is simply connected. 

Let Y be the set of non-empty subsets of L. We now apply Lemma [7.41 to the 
map / : E{g) Y defined by {gi, . . . ,gn) H> {s G i | s =^ gi}, where Y is 
ordered by inclusion. This map is order preserving since (gi, . . . , f/„) < {g'l, . . . , g'^^) 
implies gi =4 g'l- We have f~^{Y>i) = Ej{g), so this set is simply connected. Since 
Y, having a greatest element, is simply connected, 17.41 gives that E{g) is simply 
connected, whence the proposition. □ 

□ 



II. Deligne-Lusztig varieties and eigenspaces 

In this part, we study the Deligne-Lusztig varieties which give rise to a Lusztig 
induction functor (Id) ; in Section [8] we generalize these varieties to varieties 
attached to elements of a ribbon category. 

In Section [5] we consider the particular ribbons associated to varieties which play 
a role in the Broue conjectures, because they are associated to maximal eigenspaces 
of elements of the Weyl group. 

Finally in Section [10] we spell out the geometric form of the Broue conjectures, 
involving the factorization of the endomorphisms of our varieties in the conjugacy 
category of the ribbon category through the action of a cyclotomic Hecke algebra 
on their cohomology. 

8. Parabolic Deligne-Lusztig varieties 

Let G be a connected reductive algebraic group over ¥p, and let F be an isogeny 
on G such that some power F^ is a Frobenius for a split F^s -structure (this defines 
a positive real number q such that is an integral power of p) . 



22 



F. DIGNE AND J. MICHEL 



Let L be an F-stable Levi subgroup of a (non-necessarily F-stable) parabolic 
subgroup P of G and let P = LV be the corresponding Levi decomposition of P. 
Let 

Xv = {5V e G/V I g\ n F{gY) ^ 0} = {gY € G/V | g-^^g G V^V} 
^{g&G\g-'^g&^Y}/{Yf^^Y). 

On this variety G^ acts by left multiplication and acts by right multiplication. 

We choose a prime number i ^ p. Then the virtual G^-module-L^ given by 
M = 5]],:(^l)*^c(-^v. Q^) defines the Lusztig induction which by definition 
maps an L^-module A to M (Eiq^lf A. 

The map i-^- 5P makes Xv an L^-torsor over 

Xp = {5P e G/P I 5P n F{gV) ^ 0} = {5P e G/P | g-^^g e P^P} 
~{5eG|5-'^5e^P}/(Pn^P), 

a G^-variety such that R^{ld) = ^.(-l)*iI^(Xp, Q^). The variety Xp is the 

prototype of the varieties we want to study. 

Let T C B be a pair of an F-stable maximal torus and an F-stable Borel 
subgroup of G. To this choice is associated a basis 11 of the root system $ of G 
with respect to T, and a Coxeter system {W, S) for the Weyl group W = A''g(T)/T. 
Let Xr = X{T) (g) M; on the vector space Xr, the isogeny F acts as q(p where (p is of 
order d and stabilizes the positive cone M+II; we will still denote by ^ the induced 
automorphism of {W, S) . 

To a subset / C H corresponds a subgroup Wi C W, a parabolic subgroup 
Pj = U^gi^^ BwB, and the Levi subgroup L/ of P/ which contains T. 

Given any P = LV as above where L is F-stable, there exists / C H such that 
(L,P) is G-conjugate to (L/,P/); if we choose the conjugating element such that 
it conjugates a maximally split torus of L to T and a rational Borcl subgroup 
of L containing this torus to B n L/, then this element conjugates (L, P,F) to 
(L/,P/,wF) where w e VVg(T) is such that ""^/ = /, where w is the image of w 
in W. 

It will be convenient to consider / as a subset of S instead of a subset of H; the 
condition on w must then be stated as ''I'" — "^I and w is /-reduced". Via the 
above conjugation, the variety Xp is isomorphic to the variety 

X(7, = {gPi e G/Pi \ g-^^g € P/w^Pj}. 

We will denote by Xg (/, wcf)) this variety when there is a possible ambiguity on the 
group. If we denote by U/ the unipotent radical of P/, we have dimX(/, w^) = 
dimUj — dim(U/ fl "'^Uj) = l{w). The £-adic cohomology of the variety X(7, wcp) 
gives rise to the Lusztig induction from L™ ^ to G^ of the trivial representation; to 
avoid ambiguity on the isogenics involved, we will sometimes denote this Lusztig 
induction by R^;^^p{id). 

Definition 8.1. We say that a pair (P, Q) of parabolic subgroups is in relative po- 
sition {I, w, J), where I,JcS and w G W , if (P, Q) is G-conjugate to (P/, "'Pj). 

We denote this as P ^'^''^) Q. 

Since any pair (P, Q) of parabolic subgroups share a common maximal torus, 
it has a relative position (J, w, J) where /, J is uniquely determined as well as the 
double coset WjwWj. 
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Let Vi be the variety of parabolic subgroups conjugate to P/; this variety is 
isomorphic to G/P/. Via the map gP/ i— > ^P/ we have an isomorphism 

X(/, wc^) ~ {P e I P ^P}; 
it is a variety over Vi x T'tt.i by the first and second projection. 

The parabolic braid category B^{I). In order to have a rich enough monoid of 
endomorphisms (see Definition 18 . 2 3p . we need to generahze the pairs (/, w0) which 
label our varieties to the larger set of morphisms of a "ribbon category" that we 
proceed to define. 

Let (resp. B) denote the Artin-Tits monoid (resp. Artin-Tits group) of W, 
and let S be its generating set, which is in canonical bijection with S. To I C S 
corresponds I C S and the submonoid B^ generated by I. By Lemma [Ol everv 
element of b e _B+ has a unique longest divisor ai{h) in B^ . As in Definition 15.71 
we define: 

Definition 8.2. Let X he the set of conjugates of some subset of S. Then B^iX) 
is the category whose objects are the elements of I and the morphisms from 1 to J 
are the b G B^ such that I*' = J and ai(b) — 1. 

If b e B^ determines an element of i?+(Z)(I, J) for some objects I, J of X, we 

will denote by I J this morphism to lift ambiguity on its source and target. 
We have shown in Proposition 15.81 that the above definition makes sense, that is 

if we have a composition I J A K in _B+(Z), then ai(bc) = 1. When X = {0}, 

B~^{X) reduces to the Artin-Tits monoid B^. 

The canonical lift W ^ W of W in B~^ is denoted by w i— w; it is a Garside 

family in For w e W we denote by w its image in W. By CoroUarv 15.101 and 

Proposition 15.121 _B+ (I) has a Garside family consisting of the morphisms I ^ J 

where w € W and a Garside map Ai given on the object I by the morphism 
-1 

Wj Wo 

I > T"" where we denote by wj the lift to W of the longest element of Wj, 

and write Wq for ws. This includes the following: 

Lemma 8.3. (i) 5 = {I ^ J | w G W} generates B^{X); specifically, if 

I ^ J G B^{X) and (wi,...,Wfe) is the "W-normal decomposition ofh, 
there exist subsets li with Ii = I, Ifc+i = J such that for all i we have 

= lY' ; thus I — '-^ I2 Ifc ^ J is a decomposition ofl-^3 

in B~^{X) as a product of elements of S. 
(ii) The relations (I J K) ~ (I ^ K) when w = W1W2 G W form a 
presentation of B^{X). 

We set a{h) to be the left gcd of b and wq; its restriction to _B+ — {1} is an 
5- head function. Lemma 18.31 implies: 

Lemma 8.4. For I ^ I' G B+{X) and v G B+ we have a(vw) — a(v)a(w). 

Proof. We have a(vw) = a(va(w)) = a(a(w)v"('^^ ) = a(a(w)a(v"'^'^^ )), the first 
and last equalities from Proposition [231 (hi) • Since by Lemma IHSKi) C S, by 

Lemma [5.111 we have a(v"('*^^) = a(v)"('*^), so that a(vw) = a(a(w)a(v)"('^' ) = 
a(a(v)a(w)). Since a(w) is I-reduced we have a(v)a(w) G W, hence a(a(v)a(w)) = 
a(v)a(w). □ 
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We now look at the compatibility of morphisms in B^{I) with a "parabolic" 
situation. In our case, the only invertible in is 1 and we extend the normal 
decomposition to all of i?+ by deciding that the normal decomposition of 1 is the 
empty sequence. 

Proposition 8.5. Fix I e I, and for J C I, let J he the set of -conjugates of 3. 
Let (I ^ I') e B+{I) and let (J A J') G B^{J). Let (ui, . . . , Ufc) be the normal 
decomposition of and let (wi, W2, . . . , w^) be the normal decomposition ofw, 
with perhaps some I's added at the end so they have same length; if for each i we 
define by Ui = v^w^ then (vi, ^^2, '^^'^^■v^^ . . .) is the normal decomposition of 
V with perhaps some added 1 's at the end. 

Proof. We proceed by induction on k. By Lemma |8.4[ we have Ui = a(v)a(w) = 
viwi, so that U2 . . . Ufc — aj(v)"^'*^-'w(w). The induction hypothesis applied to 
a;(v)"^'*^' , which represents both a map in B^{J) and an element of i3jt(w) : and to 
w(w) e B^iX) gives the result. □ 

The varieties O attached to In this subsection, we shall define a repre- 

sentation of B^{I) into the bicategory X of varieties over Vi x Vj^ where /, J vary 
over I. The bicategory X has 0-cells which are the elements of I, has 1-cells with 
domain I and codomain J which are the Vi x Pj-varieties and has 2-cells which 
are isomorphisms of Vi x T'j- varieties. We denote by V^(I, J) the category whose 
objects (resp. morphisms) are the 1-cells with domain I and codomain J (resp. the 
2-cells between them); in other words, J) is the category oiVi x 'Pj-varieties 
endowed with the isomorphisms of Vi x T'j-varieties. The horizontal composition 
bifunctor F(I,J) x T^(J,K) — >• ^(I, K) is given by the fibered product over Vj. 
The vertical composition is given by the composition of isomorphisms. 

The representation of B^{X) in X we construct will be denoted by T, following 

the notations of Section [71 We will also write 0(I, b) for T(I J), to lighten the 
notation. We first define T on the Garside family S. 

Definition 8.6. For (I A J) e S, if I, w, J are the images in W of I, w, J 
respectively, we define 0(1, w) to he the variety {(P,P') G x Vj \ P ^'^"'"^> P'}. 

The following lemma constructs the isomorphism T{f)T{g) — > T{fg) when 
f,9,f9 e S: 

Lemma 8.7. Let (I — ^> I2 ^ J) = (I J) where w = W1W2 G W be a defining 
relation of B+{I). Then {p',p") : 0{I,^i) x-pr^ 0(72, W2) ^ 0{I, W1W2) is an 
isomorphism, where p' and p" are respectively the first and last projections. . 

Proof. First notice that for two parabolic subgroups (P',P") E Vi x Vj we have 
P' ^''^''^) p" if and only if the pair (P',P") is conjugate to a pair containing 
termwise the pair (B, "'B). This shows that if P' ^'""'^'> Pi and Pi ^''""^"^> P" 
then P' -'^'"'^"'^'■^^ p/'^ gQ {p',p") goes to the claimed variety. 

Conversely, we have to show that given P' ^'^'"^> P" there is a unique Pi such 
that P' i2,w2,J^ p„ ^j^^ image of (B, ™B) by the conjugation which 

sends (P/,"'Pj) to (P',P") is a pair of Borel subgroups (B' C P',B" C P") in 
position w. Since l(wi) + l{w2) = l{w), there is a unique Borel subgroup Bi such 
that B' Bi B". The unique parabolic subgroup of type I2 containing Bi 
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has the desired relative positions, so Pi exists. And any other parabohc subgroup 
P[ which has the desired relative positions contains a Borel subgroup B'j^ such that 
B' — ^ B']^ B" (take for 'B'l the image of ""^B by the conjugation which maps 
(P/, '^'iP/.J to (P',P'i)), which implies that B'^ = Bi and thus P'^ = Pi. Thus our 
map is bijective on points. To show it is an isomorphism, it is sufficient to check 
that its target is a normal variety, which is given by 

Lemma 8.8. For (I ^ J) e 5 the variety 0(1, w) is smooth. 

Proof. Consider the locally trivial fibrations with smooth fibers given by G X G A 
Vi xVj : (gi,<?2) ^ (9iP/,ff^"'P,7) and G X G ^ G : (31,32 ) ^ It is 

easy to check that 0(I, w) = ^(^-^('"Pj)) thus by for example |DMR|. 2.2.3] it is 
smooth. □ 

□ 

From the above lemma we see also that the square 17.11 commutes for elements 
of iS, since the isomorphism "forgetting the middle parabolic" has clearly the cor- 
responding property. We have thus defined a representation T of 5 in X. 

The extension of T to the whole of B^{I) associates to a composition I — ^ 
I2 I/c J with w,: G W the variety 

0(I, wi) xv,^ . . . xr,^ 0(lfc, wfe) = {(Pi, . . . , Pfc+i) I P, P.+i}, 

where Ii = I and I^+i = J. It is a Vi x T'j-variety via the first and last projections 
mapping respectively (Pi, . . . , Pfe+i) to Pi and Pfe+i, and Lemma 18.71 shows that 
up to isomorphism it does not depend on the chosen decomposition of I '^^"'^''> J. 
Theorem 17 . 2 1 shows that there is actually a unique isomorphism between the various 
models attached to different decompositions, so T defines a variety for any element 
of S+(I). 

Definition 8.9. For I J e -B'^(I) we denote by C(I,b) the variety defined by 
Theorem \ 7.^ For any decomposition (I "^I) = (Ii —'-J- I2 — > • • ■ — ^ '^I) in 
elements of S it has the model {(Pi, . . ■ ,Pk+i) \ P; '^^> Pj+i}. 

Tiie Deligne-Lusztig varieties attached to B^{I). The automorphism lifts 
naturally to an automorphism of which stabilizes S, which we will still denote 
by 0, by abuse of notation. If (I ^ "^I) G S, then X(/, wcj)) is the intersection 
of 0(1, w) with the graph of F, that is, points whose image under {p',p") has the 
form (P, ■'^P). More generally. 

Definition 8.10. Let I 6e any morphism of B^{T); we define the variety 

X(I, b(/)) as the intersection o/C'(I,b) with the graph of F. For any decomposition 

(I ^- '*!) = (Ii ^ I2 ^- • • • ^ -^I) in elements of S the variety 0(1, b) has the 
mode/{(Pi,...,Pfe+i) I h.mJ.+i^ p^^^ and Pfe+i = F(Pi)}. 

The above model may be interpreted as an "ordinary" parabolic Deligne-Lusztig 
variety in a group which is a descent of scalars: 

Proposition 8.11. Let I = Ii — ^ I2 ^ • • • — > Ifc ^ "^I be a decomposition 
into elements of S of 1 "^I e _B^(Z), let Fi be the isogeny 0/ G*^ defined by 
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Fi(gi, . . . ,gk) = ((72, • ■ • T gk, F(gi)) and let (pi be the corresponding automorphism 
ofW^. Then Xg(I, bi/)) ~ Xqic (/i x . . . x 7^, (wi, . . . , Wk)<pi)- By this isomorphism 
the action of corresponds to that of F^^ and the action of corresponds to 
that of[G^YK 

Proof. An element Pi x . . . x P^, e Xqa; (/i x . . . x 7^,, {wi, . . . ,Wk)(l)i) by definition 
satisfies 

Pi X . . . X Pfe > P2 X . . . X Pfe X -^Pi 

thus is equivalently given by a sequence (Pi, . . . , Pfc+i) such that Pi '^S Pi+i 

with Pfe+i = ■'^Pi and Ik+i = '^Ii, which is the same as an element 

(Pi,...,Pfc+i) e 0(li,wi) xrr, 0(l2,w2)... xp,^_^ 0{lk,wk) 

such that Pfc+i = ^Pi. But this is a model of XG(I,b0) as explained above. 

One checks easily that this sequence of identifications is compatible with the 
actions of F^ and as described by the proposition. □ 

Proposition 8.12. The variety X(I, hcj)) is irreducible if and only i/IUc(b) meets 
all the orbits of (p on S, where c(b) is the set of elements of S which appear in a 
decomposition ofh. 

Proof. This is, using Proposition 18.111 an immediate translation in our setting of 
the result .BR , Theorem 2] of Bonnafe-Rouquier. □ 

The varieties 'K{l,w(f)). The conjugation which transforms Xp into X.{I,w(j)) 
maps Xv to the G^-variety-L^^ given by 

X{I,wF) = {.gU/ e G/U/ I g-^'^g e Viw^Vj}, 

where w is a representative of w (any representative can be obtained by choosing an 
appropriate conjugation). The map gXJj 1— >■ gPj makes X(/, wF) a L™ ^-torsor over 
X(/,w0). We will sometimes write 'X.{I,w.F) to separate the Frobenius endomor- 
phism from the representative of the Weyl group element. This will be especially 
useful when the ambient group is a Levi subgroup with Frobenius endomorphism 
of the form xF. 

In this section, we define a variety X(I, wcj)) which generalizes X(/, wF) by 
replacing w by elements of the braid group. Since w represents a choice of a lift of 
w to A^g(T), we have to make uniformly such choices for all elements of the braid 
group, which we do by using a "Tits homomorphism" . 

First, we need, when w € W, to define a variety 0{I,w) "above" 0(1, w) such 
that X(/,wF) is the intersection of 0{I,w) with the graph of F, and then we 
extend this construction to S+(I). 

Definition 8.13. Let (I ^ J) e S, and let w G iVG(T) be a representative of w. 
We define 0(1, w) = {(<?U,, .g'Uj) e G/U, x G/Uj | g-^g' e ViwlJj}. 

We can prove an analogue of Lemma 18.71 

Lemma 8.14. Let (I — ^ I2 J) = (I '^^'^^> J) where W1W2 € W be a defining 
relation of B^iX), and letwi,W2 be representatives of the images o/wi and W2 in 
W. Then {p',p") : 0{I,wi) 

^G/U/j ^{^2,^2) — y 0(/, W1W2) is an isomorphism 
where p' and p" are the first and last projections. 
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Proof. We first note that if I — > J G 5+ (I) and ti; is a representative in Ng (T) of 
the image of w in W, then U/tiUj is isomorphic by the product morphism to the 
direct product of varieties (U/ n ^XJj)w x Uj, where Uj is the unipotent radical 
of the parabolic subgroup opposed to Pj containing T. We now use the lemma: 

Lemma 8.15. Under the assumptions of Lemma \8.14\ the product gives an iso- 
morphism (Ui n '^^vj^)wi X (U/, n '^^Vj)w2 ^ (U/ n '^^'^^Vj)wiW2. 

Proof. As a product of root subgroups, we have U/ n ""Uj = 'n.-ae^N{w)'^a, 
where N{w) = {a G | ™q: £ ^ The lemma is then a consequence of the 
equality N{wi)'^^ U ^^(^2) — N{wiW2) when l{wi) + l{w2) — l{wiW2). □ 

The lemma proves in particular that if gi^g2 & U/WiU/, and .92^^53 £ U/2W2UJ 
then g^^gs £ U/WiU,>2Uj = (U/ n ^^\Jl)wi{lJi, n ■^'^-lJj)w2V j = (U, n 
'^'^'^^\Jj)'WiW2V J = U/W1W2UJ, so the image of the morphism {p',p") in Lemma 
18.141 is indeed in the variety 0{I,wi'W2). 

Conversely, we have to show that given {gilJ j , g^lJ j) £ 0{I,wiW2), there exists 
a unique 32^^/2 such that (5iU/,g2U/2) £ (!)(/, wi) and {g2Vi2, gsVi^) £ 0{l2,W2)- 
The varieties involved being invariant by left translation by G, it is enough to solve 
the problem when gi = 1. Then we have gs £ U/W1W2UJ, and the conditions for 
(72U/2 is that 52U/2 C U/W1U/2. Any such coset has then a unique representative 
in (U/ n '"^U^)wi and we will look for such a representative g2- But we must have 
92^93 ^ U/2W2UJ = (U/2 n'"'^Uj)w2Uj and since by the lemma the product gives 
an isomorphism between (U/ n "'^\Jj^)wi x (U/^ n '^^Uy)w2Uj and U/W1W2UJ, 
the element 33 can be decomposed in one and only one way in a product 92{92^9^) 
satisfying the conditions. To conclude as in l8.7l we show that the variety 0(1, W1W2) 
is smooth. An argument similar to the proof of 18.81 replacing Vi and Vj by G/U/ 
and G/Uj respectively gives the result. □ 

We will now use a Tits homomorphism, which is a homomorphism B A A^g (T) 
which factors the projection B W (their existence is proved in T ). Theorem l7.2l 
implies that, setting T(I J) = 0{I, t{w)) for (I ^ 3) £ S and replacing Lemma 
18.71 by Lemma 18.141 we can define a representation of i?+ (I) in the bicategory X 
of varieties above G/U/ x G/Uj for I,j£X. 

Definition 8.16. The above representation defines for any 1 ^ J £ B^{X) a 

variety 0(I, b) which for any decomposition (I J) = (I — ^ I2 — > . . . — > Ife 
J) into elements of S has the model 0{I ,t{v/i)) Xq/u^^ ... Xq/u^^ ©(/fe, <(wfe)). 

Proposition 8.17. There exists a Tits homomorphism t which is F-equivariant, 
that is such that t{(j){h)) = F{t{h)). 

Proof. To any simple reflection s € 5* is associated a quasi-simple subgroup G^ 
of rank 1 of G, generated by the root subgroups Uq^ and U_q^ ; the 1-parameter 
subgroup of T given by T n G^ is a maximal torus of G^. By [Tl Theorem 4.4] if 
for any s £ S we choose a representative s of s in G^, then these representatives 
satisfy the braid relations, which implies that s s induces a well defined Tits 
homomorphism. We claim that if s is fixed by some power ip'^ of (p then there exists 
s £ Gs fixed by F'^; we then get an i^-equivariant Tits homomorphism by choosing 
arbitrarily s for one s in each orbit of </>. If s is fixed by ^'^ then Gs is stable 
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by F'^\ the group is isomorphic to either SL2 or PSL2 and F'^ is a Frobenius 
endomorphism of this group. In either case the simple reflection s of has an 
F'^-stable representative in TVg, (T n Gg). □ 

Notation 8.18. We assume now that we have chosen, once and for all, an F- 
equivariant Tits homomorphism t which is used to define the varieties 0(1, b). For 
w G W we will write w for t(w) where w g W is the canonical lift of w. 

Definition 8.19. For any morphism (I "^I) G we define X(I, he/)) — {x ^ 

diI,h)\p"ix)=Fip'ix))}. 

When w e W we have X(I, wi^) — X(/, wF) (the variety defined at the begin- 
ning of this section). 

Lemma 8.20. For any (I "^I) € B^il), there is a natural projection X(I, w0) ^ 
X(I, W(/)) which makes X(I, w0) a jJj^^^^ -torsor over X(I,W(/)), where the action 
^jj^^(w)F compatible with the first projection X(I, w0) — G/U/. 

Proof. Let I — > I2 —>•••—> Ir — ^ '''I be a decomposition into elements of S of 
I ~> "^I, so that X(I, w0) identifies to the set of sequences (giU/, g2^i2 1 • ■ • : ffi-U/^) 
such that gJ^Qj+i <E JJ i.t{wj)'U j.^-^ for j < r and g^^^gi G U/^t(wr)U,*/. We 
define tt by Qj^ij ^ ^^P/j- It is easy to check that the morphism tt thus de- 
fined commutes with an "elementary morphism" in the bicategories of varieties 
X or X consisting of passing from the decomposition (wi, . . . , w^, w^+i, . . . , w^) 

to (wi, . . . , WiWi_|_i, . . . , Wr) when (1^ > Ii-1-2) € S. Thus bv 17.11 the mor- 
phism TT is well-defined independently of the decomposition chosen of w. We 
claim that tt makes X(I,W(/)) a L*^'*^)^-torsor over X(I, w0). Indeed, the fiber 
7r-i((9iP/, »^P/2, . . . , ^"-P/J) consists of the {gih^i, . . . ,g^/rU/J e 'k{l,^(j)) with 
G L/^. , that is such that 

for j <rwe have e (U/^<(v^fj)U/^^ J n ?j(U/^t(v^rj)U/^.^ 

and 57^^31 G (U/^t(v^f^)U^.^) n /^(U/^^(v^f^)U*^)^?j:\ 

Now 

(u,^ t (w, )u,^^, )fM, (u,^. t(w, )U,^.^, = (u,^. t (w, )u,^^, )nu,^ i(w, )u,^.^, ^^'^'7+1 

and the intersection is non-empty if and only r\\5 i-j^J^^'^'Hj^i ^ 0, which, 

since p*^^^^ and P/j_|_i are two parabolic subgroups with the same Levi subgroup, 
occurs only if fj-^''^ = Ij^i. Similarly we get fr^^^ = ^li, so in the end the fiber is 
given by the h such that h = □ 

We give an analogue of Proposition 18. Ill for X(I, hcj)). 

Proposition 8.21. Let I = Ii I2 — > • • • ^ Ife he a decomposition into 

elements of S of 1 ^ "^I G B^il), let Fi be the isogeny 0/ G*"' as in Proposition 

Then XG(I,b0) ~ XQfc(/i x . . . x Ik, {wi, . . . ,Wk)Fi). By this isomorphism the 
action of F^ corresponds to that of Fi^ , the action of corresponds to that of 
{G''Y\ and the action ofh]^^^^ corresponds to that of {Lj^ x ■ • • x L/j(^i'---'^'=)^i . 
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Proof. An element xiVj^ x . . . x .TfeU/^^ e Xq^ (/i x . . . x 7^, (wi, . . . , wk)Fi) by 
definition satisfies (0:^11/. ,Xi_|-iU/;^^) G 0(Ii,Wi) for i = wliere we liave 

put Ik+i = ^Ii and Xk+i^ i^+i = ^(xiU/j). This is the same as an element in the 
intersection of wi) Xq/Uj^ 0(l2,W2) . . . Xg/Uj^,_j 0(Ife,Wfe) with the graph 
of F . Since, by definition, we have 

0(I,b) ~d(Ii,Wi) Xg/U,, 0(l2,W2)... Xg/U,,_^ 0(Ife,Wfc), 

via this last isomorphism we get an element of 0(1, b) which is in Xg(I, b(/)). 

One checks easily that this sequence of identifications is compatible with the 
actions of ^ of G-'^ and of L^'*^'^ as described by the proposition. □ 

We give an isomorphism which reflects the transitivity of Lusztig's induction. 

Proposition 8.22. Let I "^I e B^il), and let w be the image of w in W; the 
automorphism wcj) lifts to an automorphism that we will still denote by w(f) of . 
For J C I, let J be the set of -conjugates of 3 and let J ^ '""f'J e B^{J). Then 

(i) We have an isomorphism X(I,W(/)) x t(w)F Xlj- (J, viui/)) — > X(J, vw0) of 

'-'I 

-varieties-jJj^^^^ . This isomorphism is compatible with the action of 
F"^ for any n such that I, J, v and w are (j/^ -stable. 

(ii) Through the quotient by L*^(™)^ ^ggg Lemma \8.20\) we get an isomorphism 
of -varieties 

X(I,W(/)) X t(w)F Xl, (J, vw(/)) — > X(J, vw</)). 

Proof. We first look at the case w, v e W (which implies vw e W), in which case 
the isomorphism we seek is 

X{I,wF) Xl»f Xi^,{J,v.wF) A ±{J,vwF) 

where v is the image of v in W. This is the content of Lusztig's proof of the 
transitivity of his induction (see jLuj lemma 3]), that we recall and detail in our 
context. We claim that (gXJjjlYj) i— >■ gXJjlYj — glVj where Vj = L/ n Uj 
induces the isomorphism we want. We have 

Since 'Vjv'^^Yj is in L/, so normalizes U/ we get finally 

Hence if {gXJjJYj) e X(/, lyF) x Xi,j{vw(j)), we have 

{giy^^igi) e r^^iw^'^Ji'^i = r^Vi'^^iw^Ui 

Hence we have defined a morphism ^.{IjwF) x X.z,j{v.'w4>) — X.{J,vwF) of G^- 
varieties-Lj™-'^. We show now that it is surjective. The product L/.(U/w^U/) is 
direct: a computation shows that this results from the unicity in the decomposition 
P/ n "^^Vi = L/.(U/ n "^^Vi). Hence an element x-^^x € Vjvw'^Vj defines 
unique elements I G Vjv^^Vj and u £ XJiw^XJj such that x^^^x = lu. If, using 
Lang's theorem, we write / = l'~^'^^l' with V S L/, the element g = xl'~^ satisfies 
g-^^g ^ I'x-^^x^l'-^ = ^^n'u^'-^ e '^^Z'U/w^Uj-^r-i = U/w^U/. Hence 
(gU/, rVj) is a preimage of xJJj in X(/, wF) x Xl^ (J, vw(j)). 
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Let us look now at the fibers of tfie above morpliism. If g'U/Z'Vj ~ gXJjlVj 
then g'^^g G P/ so up to U/ we may assume g' — g\ with A G L/; we have then 
Xl'Vj = /Uj, so that l~^Xl' e Uj n L/ = Vj; moreover if .gAU/ e X{I,wF) with 
A € L/, then X~^XJiw^XJi^X ~ U/w^U/ which implies A G Lj ^. Conversely, the 
action of A G LJ'^ given by (.gU/, ZVj) i-> (gAU/, X^^lVj) preserves the subvariety 
X(/,ii;F) X 'Ki,j{v'W(f>), of G/U/ x Lz/Vj. Hence the fibers are the orbits under 
this action of 'LJ'^ . 

Now the morphism j : {g\Jj,l'Vj) i— > glVj is an isomorphism G/U/ Xlj 
L//Vj ~ G/Uj since gUj (gU/,Vj) is its inverse. By what we have seen 
above the restriction of j to the closed subvariety X(/, wF) Xl^f 'X.i,j{J,vw(j)) 

maps this variety surjectively on the closed subvariety X(J, wwF) of G/Uj, hence 
we get the isomorphism we want. 

We now consider the case of generalized varieties. Let k be the number of terms of 
the normal decomposition of vw and let I — I2 I3 — ^ • • • — > 1^ '^I be the 
normal decomposition of I ^ "^I, perhaps extended by some identity morphisms. 
We have X.{I,w(t>) ~ X(/i x I2 x ■ ■ ■ x I^., (t(wi), . . . ,i(wfe))Fi), where Fi is as in 
Proposition 18. Ill Let us write (viWi, . . . , v^Wfe) for the normal decomposition of 
vw, with same notation as in Proposition l8.5l Let Ji = J and Jj+i — Jj' ^ C Ij+i 
for i = — 1. We apply the first part of the proof to the group G*^ with 

isogeny Fi with /, J, w, and v replaced respectively by /i x • • • x /fc, Ji x • • • x J^, 
(wi . . . ,Wk) and {vi, . . . ,Vk)- Using the isomorphisms from Proposition 18.211 

XGfc(Ji X ■■■Jk,{viWi,...,VkWk)(l>i) ~X(J,vw0) 

and 

Xlj^x...xij^ (Ji X • • • X Jfe, (ui, . . . ,vk)-{t{vfi), . . .,t{^^k))Fl) ~ Xl^ (J, vw(/)), 
we get (i). Now (ii) is immediate from (i) taking the quotient on both sides by 

■,■ t(vw)F 



□ 



Endomorphisms of parabolic Deligne-Lusztig varieties — the conjugacy 
category 

Definition 8.23. Given any morphism I J G B^il) which is a left divisor of 
I "^I we define morphisms of varieties: 

(i) : X(I,W(/)) — )• X(J, v^"'^w0v) as the restriction of the morphism 

(a, b) ^ {b, ^a) : 0(1, w) = 0(1, v) Xp, 0(J, v^^w) ^ 

0(J,v-V) x-p^^ 0{% "^v) = 0(J,v-V'^v). 

(ii) -Dv ■ X(I,W(/)) — > X(J, v^"'^w0v) as the restriction of the morphism 
ia,b) ^ {b, ^a) : 0(I,w) = 0(I,v) x^/u, 0(J,v-iw) ^ 

0(J,v-iw) Xg/u,, 0(^I, M = 0(J,v-iw^v). 

Note that the existence of well-defined decompositions as above of 0(I, w) and of 
0(I, w) are consequences of Theorem l7.2l We have written v^^w^v for v^^w'^v^. 

Note that when v, w and v^^w'^v are in W the endoniorphisni maps 
gPi G X{I,w(l)) to g'Pj G X{J,v-'^w(j)v) such that g~^g' G P/wPj and g'^^^g G 
Pjw^^w^P/ and similarly for D-v 
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Note also that I?v and are equivalences of etale sites; indeed, the proof of 
[DMR| 3.1.6] applies without change in our case. 

The definition of and shows the following property: 

Lemma 8.24. The following diagram is commutative: 

X(I, Wc/)) ^ X(J, V^"'"W(/)v) 



X(I, w(l)) — ^ X(J, v-iw(/)v) 

where the vertical arrows are the respective quotients by jjj'^'^^ and jJj'^ ^ 
(see Lemma\8jU\); for I G L*^"^^-^ we have o I = ;*(v) „ jj^ 

Definition 8.25. We denote by 2?+(I) the category (j)-cycB^{T}; that is the ob- 
jects ofD^il) are the morphisms in {I) of the form I "^I and the morphisms 
are generated by the "simple" morphisms that we will denote by adv, for v =^ w; 
such a m,orphism, more formally denoted by I i^fL^ 3, where J = I'^, goes from 

I — > "^I to J > "^J . The relations are given by the equalities ad vi . . . ad = 

ad -v'l . . . ad v'^,, whenever ad v,; are simple and vi . . . v^^ = v'^ . . . vj,, in . 

If V = vi . . . Vfc G B^ with the adv^ simple morphisms of T>^{T), we will still 
denote by I J^l^ J the composed morphism of (I) . 

As a further consequence of Theorem 17.21 the map which sends a simple mor- 
phism adv to Dv extends to a natural morphism of monoids ^ '^I) — >■ 
EndcF (X(I, W(/))), whose image consists of equivalences of etale sites. We still 
denote by the image of v by this morphism. 

By Proposition 14.21 the category I?+ (I) has a Garside family consisting of the 
simple morphisms. Those of source I ^ "^I correspond to the set of v =<; w such 
that I"^ C S. For J C I we will denote by J' the set of i?j^-conjugates of J and by 
T^iiJ) the analogous category where 5+ is replaced by B^ and I by J . 

Proposition 8.26. With same assumptions and notation as in Provosition \8.22[ 
let J ^ J'' G Bj{J^) be a left divisor of J ^ '^'^J. The following diagram is 
commutative: 

X(I, wcf)) Xl^f Xlj (J, V • w(j)) *- X(J, VW0) 



Id xD, 



X(I,w0) XLy.F Xlx(J'',x-1(v-?«0)x) — ^X(J^,x-ivvir</>x) 

Proof. Decomposing x into a product of simples in T>^ {J') the definitions show that 
it is sufficient to prove the result for x G W. We use then Proposition l8.21l to reduce 
the proof to the case where vw and v^^w'^v are in W (in which case w and ""^w 
are in W too). We can make this reduction if we know that the isomorphism of 
Proposition 18.211 is compatible with the action of Z3x for x G W (we will then use 
this fact in G and in L/). Take (I,y, "^I) G B+{I) and x G W such that I A- F 
is a left divisor of I A- "^I. Let y = yi . . . be a decomposition of y as a product 
of elements of W such that x = yi. The endomorphism Dx maps the sequence 
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(51U1, . . . ,5/cUfc) such that ^gt+i G Uiy.jU.j+i and ^^gi G Ufcj/fe^Ui to the 
sequence (52 U2, . . . ,gkVk, ^ffi^Ui). On the other hand, via the isomorphism of 
Proposition 18.211 using the decomposition (yi, y2, . . . , y/c, 1) of y, the sequence 
(giUi,. . . ,5fcUfe) corresponds to ((51, ...,gk, ^gi){lJi,. . . ,Ufc, -^Ui) e Xg'=+i(^iX 
. . . X /fe X ^Ii, {tji, . . . ,yk,l)Fi). This element is mapped by -D(j,i,i....,i) to the 
element (32,52, ■ • ■ ^5i)(U2,U2, . . .,Uk, ^Vi) which is in X^k+iih x /2 x /g x 
. . . X /fc X ■'^Ji, (1, ^2, • • • , 2/fe, ^yi)Fi). Since this last element corresponds by the 
isomorphism of Proposition l8.2T] to ((j'2U2, . . . ,5feUfe, ■'^gi-'^Ui), we have proved the 
compatibility we want. 

Assume now vw and v^^w'^v in W. We start with (gU/jZVj) G X.{I,wF) x 
'X.i^j(J,vw(j)). This element is mapped by the top isomorphism of the diagram to 
glVj. As we have seen above Lemma [8. 241 it is mapped by Id xDx to (gU/, TVjx) 
where l^^l' G VjiVjx and G 'V j^x~'^v'^^Y j . This element is mapped 

to gl'\Jj!c by the bottom isomorphism of the diagram. We have to check that 
gl'Uj. = D^{gl\]j). But (giy^gV = I'H' is in YjxVj. C VjxVj. and 



(glT'^igl) = I'-'g-'^g^l g I'-'Viw^Ui^'l = IJ il'-^'^'^lw^Vi 

C IJiVj^x-^vw^Vj^Vi = IJj.x-^vw^Uj, 
so that (g/'Ujx) = D^{glVj). □ 

Using Proposition I8.22f ii) and Lemma [8.241 we get 
Corollary 8.27. The following diagram is commutative: 

X(I, wcf)) X ( J, V • 9- X(J, VW0) 



Id xn. 



X(I,w0) Xl^f Xl,(J'',x-1(v- w0)x) ^^X(J^,x-ivvir</>x) 

We now give a general case where we can describe ^ "^I). 

Theorem 8.28. Assume that some power ofwcj) is divisible on the left by Wi^wq. 
Then ^ "^I) consists of the morphisms I -?£L!i5> j -where b runs ofer f/ie 



submonoi- 



id = {b G Cb+ (w<?!)) I P = I and ai(b) = 1} 



Proof. This is an immediate translation of Proposition 14.51 since the Garside map 
of i?+ (I) is I > ; the submonoid i?+ is the centralizer of the morphism 

Note that if k is the smallest power such that '^''I = I and '^'"w ~ w, then 
w^'^) := w"^w. . . "^'"V is in B+. Since I H is the Garside map of V+{I) 

described in Proposition 14.31 it follows that under the assumptions of Theorem 
18.281 everv element of divides a power of w''''). In particular, in the case 1 = 0, 
the group CBi'wcj)) is generated as a monoid, with the notations of |DM21 2.1], by 
End-p+ (w) and (w^''^)"^. Thus Theorem l8.28l in this particular case gives a positive 
answer to conjecture |DM21 2.1]. 

Definition 8.29. We define tv = Wq (it is a generator of the center of the pure 
braid group) and similarly for I C S we define tti = Wj . 
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As an example of Theorem E^S] we get 2?+ (I) (I "^I) = B+{I){I)^. 

Affineness. Until the end of the text, we will consider varieties which satisfy the 
assumption of Theorem 18.281 They have many nice properties. We show in this 
subsection that they are affine, by adapting the proof of Bonnafe and Rouquier 
|BR2) to our case; we use the existence of the varieties 0(1, b) and X(I,b0) to 
replace doing a quotient by L/ by doing a quotient by hf . 

Proposition 8.30. Assume the morphism I -H- J G B^[I) is left- divisible by Aj. 
Then the variety 0(1, b) is affine. 

Proof. By assumption there exists a decomposition into elements of 5 of I J of 

Wj "^Wo vi V2 V 

the form I > Ii — > I2 — > I3 ^ • • • ^ I,. J. We show that the map ip 

defined by: 

i—r 

G X [](u,, n ■"'U7^^ji>, ^ 

i=l 

d{I,wY^Wa) Xg/U,^ 0{Ii,Vi) . . . Xg/U,, d{Ir,Vr) 

{g,hi,...,hr) 

is an isomorphism; since the first variety is a product of affine varieties this will 
prove our claim. 

Since U/.WiU/.^j is isomorphic to (U/. n ^'Uj.^^)wi x U/^^^, by composition 
with the first projection we get a morphism rji : U/^WiU/.^j -> (U/. n ^'XJJ,^Jvi 
for i = 1, . . . , r, where Ir+i = J. For x = (gU/, yiU/^ , 92'^^ , ■ • ■ , .9rU/^ , gr+iVj) 
in d{I,wJ^wo) Xg/U/1 (^{h,vi)--- Xq/Uj^ d{Ir,Vr) we put ip{x) = gv{9~^9i), 
ipiix) = ip{x)wQ, ipi{x) = ?7i((V'(a;)?/'i (x) . . . ipi^i{x))^^gi). We claim that the maps 
Ip (resp. ipi) are well defined, that is do not depend on the representative g (resp. 
gi) chosen; the morphism x 1— > {^{x), "01 (2;), . • ■ , iprix)) is then clearly inverse to if. 
Since r]i{hu) = r]i{h) for all h e U/.w^U/^^j and all u € U/.^^, we get that all ipi 
are well-defined. Since moreover rjiuh) — uri(h) for all h e XJ iiitJ^woTJ i-^ and all 
u S U/, we get that tp also is well-defined, whence our claim. □ 

Proposition 8.31. Assume that we are under the assumptions of Theorem \8.28l 
that IS (I A -^I) e B+{X) has some power divisible by Ax, or equivalently some 
power ofwcj) is divisible on the left by wq. Assume further that the Tits homo- 
morphism t has been chosen F-equivariant. Then X(I,w0) is affine. 

Proof. Let us define k as the smallest integer such that '^''l = I, '^''w = w and 
W]^"'"Wo ^ w^'^^ , where virf'^) :— w"^w . . . w. 

We will embed X(I, ■w<p) as a closed subvariety in 0(I, w^*^^), which will prove it 
to be affine. 
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Let I — I2 I3 —>•••—> Ir "^I be a decomposition of I '''I into 
elements of 5, so that 0(1, w^'^^) identifies to the set of sequences 

(3iaU/,gi,2U/2, . . . ,51,^1!/^, 
gfc+i,iU/) 

such that for j < r we have ^^^j^^jj+i € U^i-i^^. -'^^ 'w^U^i-i^^.^^ and g,,^^^ 3^+1,1 G 
U^i-i^ ^ ziirU^i^; note that we have used the i<"-equivariance of t to write ^ wj 
for t("*'wj). 

Similarly X(I, w0) identifies to the set of sequences (giU/, (72U72 , . . . , g^U/^) 
such that gj^gj+i g XJj.WjXJj-^-^ for j < r and 9^^ ^91 G U/,,WrU^./. It is thus 
clear that the map 

(5iU/,g2U/2, . . . ,5rU/J 1-^ (5iU/,.g2U/2, . . . ,grU/^, 

"^5iU././, ^g2U,/./2, . . . , -'^f^rU*/^, 

F*"^^ TT F*"^^ TT F*^ TT ^ 

9iLi ^k-ij, . . . , grU^k-ij^, 5iU/j 

identifies ^{I,w(l)) to the closed subvariety of 0(1, w''^)) defined by gi+ijU^ij — 
■^(gijU^.-i^P for ah □ 

Corollary 8.32. Under the assumptions of Theorem \8. 281 that is (I ^ "^I) G 
B^{T) has some power divisible by lS.x, or equivalently some power ofwcj) is divisible 
on the left by Wj^ wo, the variety X(I, w0) is affine. 

Proof. Indeed, by Proposition 18.311 and Lemma [8.201 it is the quotient of an affine 
variety by a finite group, so is affine. □ 

Shintani descent identity. In this subsection we give a formula for the Leftschetz 
number of a variety X(I, wF) which we deduce from a "Shintani descent identity" . 

Let m be a multiple of 6 and let ee = |B^ |~^| X^bGB*"" -module 
Qf[(G/B)^"] identifies with QJC^^JeB- Its endomorphism algebra 'H,™(W^) 
EndQF™ (Qf [(G/B)-^ ]) identifies with esQei^^ l^B acting by right multiplica- 
tion. It has a basis consisting of the operators — |B^ n™B^ | X^geB^™ juB^™ 9 ~ 
e-Bwe-B for w G W, since is a set of representatives of B^'"\G/B^'" (see [Bou| 
IV, §2 exercice 22). If we identify G/B to the variety B of Borel subgroups of G, 
the operator becomes 

T„ : B' ^ B". 

{B"eBF'" |B"^B'} 

Similarly the algebra 'Hq^{W,Wi) := EndcF". (^^[(G/P/)^'"]) has a Q^-basis 
consisting of the operators — \Pf n ^Pf | J2gePf"^wPf"' 9 ~ ^P/ wep^ where 
epj = |Pf SpsP^" P ^^"^ ^ runs over a set of representatives of the double 
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cosets Pf'"\G^'"/Pf " ~ Wi\W/Wi. Identifying G/P/ to the variety Vi of the 
parabohc subgroups G-conjugate to P/ we have 

The muhiphcation by the idempotent Xi = ep^ = '^v&Wi 1^^" n "B-'^'" |^^T„ 
makes <Q^i,[{G /V if ] into a direct factor of Q£[(G/B)^ ] and the equahty X^ — 
XiTwXi is compatible with this inclusion. Note that this inclusion maps a parabolic 
P conjugate to P/ in G^ to the sum of all i^™-stable Borel subgroups of P. 

We may define a Q^-representation of B^{I){1) on ^^[(G/P/)^ ] by sending 
I ^ I to the operator X^ £ T^iW, Wi) defined by 

^w(p) - ^''(^)- 

{xeOil.w)""' |p"(a;)=P} 

The operator X^r identifies to XiT^Xi = XiT^, the last equality since I'^ = I. 
When w e W, with image w in W, the operators X^ and X^ coincide. In the 
particular case where I = ^ we get an operator denoted by T^, defined for any w 
in B+. _ 

Similarly, to (I ^ "^I) G 5+ (X), we associate an endomorphism of Q^[(G/P/)^ ] 
by the formula 

{xeG(I,w)^'" \p"{x)=F{P)} 

When (f>{I) = / we have = X^(j). In general we have = XiT^cj) on 

Qi[{G/Pi f ] seen as a subspace of Q£[(G/B)^ ]: on the latter representation one 
can separate the action of F; the operator F sends the submodule Q£[(G/P/)^'"] 
to Q4(G/P0(/))^'"] which is sent back to Qe[{G/Pif"^] by XiT^. The endomor- 
phism commutes with G^ like F, hence normalizes Hq^n{W, Wi); its action 
identifies to the conjugation action of T^cf) on Hq^ {W, Wi) inside T^^m (W) x (0) . 

Recall that the Shintani descent Shpm^p is the "norm" map which maps the 
F-class of g' = hfh-^ £ G^" to the class of g = h'^.^^h e G^. 

Proposition 8.33 (Shintani descent identity). Let I ^ "^I he a morphism of 
B^{T), and let m be a multiple of 5. Then 

{g ^ |X(I,w^)»^"|) - Shp../p{g' ^ Trace(5'Xw0 | Q,[(G/P/)^"]). 

Proof. Let g = h^^.^ h and g' — h.^h~^, so that the class of g is Sh^m^^ of the 
F-class of g'] we have X(I,w0)f^" = {x e 0(I,w) | ^'"'^x = and p"{'^x) = 
3 ^p'{^x)}. Taking ^x as a variable in the last formula we get |X(I,W(^)s^ | = 
G 0{I,wf" I p"{x) = Putting P = p'{x) this last number be- 

comes EpsPf" \{^ € 0(1, w)^'" I p'{x) = P andp"(a;) = f'-^P}|. On the other 
hand the trace of g'X^^ is the sum over P G Vf of the coefficient of P in 
T.{xeo(iM'""\p"(x)=F(F)}9'p'{x). This coefficient is equal to \{x € 0{l,^f" \ 
g'p'ix) = Pandp"(a;) = -^P}] = |{a; e 0(1, w)^" | p'{x) = Pandp"{x) = 
^ ^P}|, this last equality by changing g'x into x. □ 

By, for example, [DMTI II, 3.1] the algebras Hq^iW) and Hq^iW) x (0)) split 
over Q|[g™/^]; corresponding to the specialization g™/^ i-> 1 : T-Lqm{W) — > Q^W^, 
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there is a bijection x Xg™ ■ Irr(W^) Irr(Hg™ (VF)). Choosing an extension 
X to XI ((/>) of each character in Iit{W)'^, we get a corresponding extension 
Xg'" e Irr(-H,™(W^) x ((/>)) which takes its values in QJg'"/^]. If t/^ e Irr(G^"') is 
the corresponding character of , we get a corresponding extension C/-^ of U-^ 
to G^" X (F) (see |DM1[ III theoreme 1.3 ]). With these notations, the Shintani 
descent identity becomes 

Proposition 8.34. 

{g ^ |X(I, w0)f^" I) = (^i^w0) Sh^^/^ 

xeirr(iy)* 

onrf i/ie on/y characters x i'^ ^^o^ sifTi which give a non-zero contribution are those 
which are a component o/lndj^^. Id. 

Proof. We have Trace(5'Xw0 | Q£[(G/P/)^'"]) = Trace(5'Xirw<?!) | QJ(G/B)^"]) 
since Xi is the projector onto ^^[(G/P/)^"]. Hence {g ^ |X(I, w0)f^" |) = 
Sxeirr(H')''' Xg™(-'^i^w^f>) Shp'TTi/p- J7^- Since Xi acts by on the representation of 
character x if X is not a component of IndJ^iji^^ Id, we get the second assertion. □ 

FinaUy, if Ap is the root of unity attached to p G £(G^, 1) as in |DMR1 3.3.4], 
the above formula translates, using [DM11 III, 2.3(ii)] as 

Corollary 8.35. 

|X(I,w0)^^"'|= K"pi9) E X.'"(^i7^w0)(p,i?x)G-, 

where ~ X^tuew x(''^0)^t (I*^)- '^^^ on^y characters x in the above sum 

which give a non-zero contribution are those which are a component o/Ind|^^ Id. 

Using the Lefschetz formula and taking the "limit for m -> 0" (see for example 
[DMR , 3.3.8]) we get the equality of virtual characters 

Corollary 8.36. 

E(-l)'i/^(X(I,w0),Q,)= Y x{xiw^)Rx, 

{xeIri{W)1>\{Rcs^^xM)w,^0} 

where w is the image of w in W and xi = \Wi\^^ l^veWi ^' 

Cohomology. If tt is the projection of Lemma f8.20[ the sheaf ttiQ^ decomposes 
into a direct sum of sheaves indexed by the irreducible characters of Lj^^-'''^. We 
will denote by St the subsheaf indexed by the Steinberg character of Lj^^-*''^. 

In the particular case where I = we write X(w(/)) for X(I,W(/)). Quite a few 
theorems are known about the £-adic cohomology of these varieties (see jPMRj ). 
The following corollary of Proposition 18.221 relates the cohomology of a general 
variety to this particular case; its part (ii) is a refinement of Corollarv l8.36l 

Corollary 8.37. Let I ^ "^I e B+{I). 

(i) For all v £ Bj and all i we have the following inclusions of xi (F^)- 
modules: 

i/^(X(I,w0),Q,) C i/^+2'(v)(X(vw0),Q,)(-/(v)) 
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and 

iJ:(X(I,w<^),St) C i7^+'(-)(X(vw0),Q,) 
(ii) For all i we have the following equality of xi (F^) -modules: 

j+2k=i 

where nj ^ — \{v ^ Wj \ l{v) = fc}|, where wj is the longest element of 
Wj and the variety X(u;jW0) is the union IJvew X(vw</)) as defined in 
[MEl 2.3.2]. 

Proof. For getting (i) , we apply the Kiinneth formula to the isomorphism of Propo- 
sition |8221 when J = 0. If we decompose the equality given by the Kiinneth formula 
according to the characters of Lj^^-*^, we get 

We now use that ff*(X(I, wc/.), Q^) = Hi{X{I,w(t>),Qe)id, and i7^(X(I, w0), St) = 
Hl(K{I,w(f)),Qi)st where Id and St denote the identity and Steinberg characters 
of Lj'^-*^, and the facts that 

• the only j such that (Xlj {vwcj)), Q£)id is non-trivial is j = 2^(v) and in 
that case the cohomology group has dimension 1 and t(wF) acts by g''^'^^ 
(see [DMRl 3.3.14]). _ 

• the only j such that Hl{'K-Lj{vw(f>),Q()st is non-trivial is j — /(v) and 
that isotypic component is of multiplicity one, with trivial action of t(\vF) 
(see [DMRI 3.3.15]). 

Hence we have 

®,ffr'(X(I,W(/.),Q,)M ® i/^(XL,(vu;0),Q,)M - i^r^'M (x(I, w0), Q,)(;(v)), 
and similarly 

©,ffr^(X(I,w0),Q,)st ® i/^(XL,(v«;0),Q,)st = K~'^-\X{l,w4,)Mi)- 
We now prove (ii). Let Bj be the variety of Borel subgroups of L/, identified 
to L//B/. We first prove that we have an isomorphism X(I, w0) Xj^™,* Bi 
X{wjW(f)). The variety X(wjW(/)) is the union IJveWj X(vw(/)). The variety Bi is 
the union of the varieties Xlj ("vwc/)) when v runs over Wj. The isomorphisms given 
by Proposition [5211 when J = and v running over Wj can be glued together since 
they are defined by a formula independent of v. We thus get a bijective morphism 
X(I, w0) Xj^™0 Bi — >■ X(it;jW(/)) which is an isomorphism since X(u;jW(/)) is normal 

(see |DMRI 2.3.5]). We now get (ii) from the fact that H^{BiMi) is if is odd 
and if fc = 2k' is a trivial L^^^' ^-module of dimension n/.fe', where F acts by the 
scalar ; this results for example from the cellular decomposition into affine spaces 
given by the Bruhat decomposition and the fact that the action of L^'^'*''^ extends 
to the connected group L/. □ 

Corollary 8.38. (i) The -module 7f*(X(I, w^), Q^) is unipotent. The 

eigenvalues of F^ on an irreducible G^ -suhmodule p o/ i?*(X(I, wi/)), Q^) 
are in q^^XpWp, where \p is as in \8.35\ and tOp is the element of {l^q^/"^} 
attached to p as in |DMR1 3.3.4]; they are both independent of i and w. 
(ii) We have iJ^(X(I, W(/)), Q^) = unless l{w) < i < 2l{w). 
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(iii) The eigenvalues of on iJ*(X(I, w0), Q^) are of absolute value less than 

(iv) The Steinberg representation does not occur in any cohomology group of 
X(I, w0) unless I = m which case it occurs with multiplicity 1 in 
Hc^'^\'X.{'w<f>),Qf ), associated to the eigenvalue 1 of . 

(v) The trivial representation occurs with multiplicity 1 in Hc''^^^ (^(Ij Q^), 
associated to the eigenvalue g^'(^) of F^ , and does not occur in any other 
cohomology group o/ X(I, wi/)). 

Proof, (i) is a straightforward consequence of Corollary I8.37f i) since the result is 
known for 7?;?(X(vw(/)), Q^) (see ^MM 3.3.4] and 3.3.10 (i)]). 

(ii) and (iii) are similarly a straightforward consequence of Corollary I8.37f i) 
applied with v = 1 and of [DMR , 3.3.22] and jPMRi 3.3.10(i)]. 

For (iv), we first note that by Corollary 18.37( 11 applied with v = 1 and [DMR[ 
3.3.15] the Steinberg representation has multiplicity at most 1 in h''}^^ (^(I: "^0), Q^), 
associated to the eigenvalue 1 of F"^, and does not occur in any other cohomology 
group of X(I, w0). To see when it does occur, it is enough then to use Proposition 
18. 341 and the Lefschetz formula. The only [/^ such that the Steinberg representation 
has a non-zero scalar product with Shp™ is the Steinberg representation, and 

for the corresponding x we have 



(_1)'(W) if 1:^0 

otherwise 



(v) is similarly a consequence of Corollarv l8.37( i). |DMR[ 3.3.14], [8.341 the Lef- 
schetz formula, and that if Xq^n. corresponds to the trivial representation we have 



9. ElGENSPACES AND ROOTS OF Tt/tTi 

Let £ p be a prime such that the £-Sylow S of G''^ is abelian. 

Then "generic block theory" (see jBMMj ) associates to £ a root of unity C, and 
some w(j) e W(t) such that its ^-eigenspace in 1/ in X := ® C is non-zero 
and maximal among C-eigenspaces of elements of W4)\ for any such C, there exists a 
unique minimal subtorus S of T such that V C X(S)(8)C. If the coset Wff) is rational 
X(S) (8) C is the kernel of $(u'0), where $ is the d-th. cyclotomic polynomial, if d is 
the order of C- Otherwise, in the "very twisted" cases ^B2, (resp. ^G2) we have 
to take for $ the irreducible cyclotomic polynomial over Q(-\/2) (resp. Q(a/3)) of 
which C is a root. The torus S is then called a ^-Sylow; we have |S^| — ^(q)'*""^. 

The relationship with I is that 5 is a subgroup of S^, and thus that IG-^I/IS^I 
is prime to t\ we have N(^f[S) — Nqf{S) = A^gf(L) where L := Cg(S) is a 
Levi subgroup of G whose Weyl group is Cw{V). Conversely, any maximal C- 
eigenspace for any C determines some primes £ with abelian Sylow, those which 
divide $(q)'*™^ and no other cyclotomic factor of IG^'^j. 

The classes Cw(y)w4'j where V = Ker(u'0 — C.) is maximal, form a single orbit 
under M^-conjugacy [see eg. |Brl 5.6(i)]]; the maximality implies that all elements 
of CwiV)w(j) have same ^-eigenspace. 

We will see in Theorem 19. iT i) that up to conjugacy we may assume that Cw{V) 
is a standard parabolic group Wi; then the Broue conjectures predict that for an 
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appropriate choice of coset Cw{V)w(f> in its A'^vK(W^/)-conjugacy class the cohomol- 
ogy complex of the variety X(I, w0) should be a tilting complex realizing a derived 
equivalence between the unipotent parts of the ^-principal blocks of and of 
N(^f{S). We want to describe explicitly what should be a "good" choice of w (see 
Definition I9TT2I) . 

Since it is no more effort to have a result in the context of any finite real reflection 
group than for a context which includes the Ree and Suzuki groups, we give a more 
general statement. 

In what follows we look at real reflection cosets Wcj) of finite order, that is W is 
a finite reflection group acting on the real vector space and </> is an element of 
Ngl{Xk){W), such that W(j) is of finite order S, that is 6 is the smallest integer such 
that {W(f>y = W (equivalently is of finite order). Since W is transitive on the 
chambers of the real hyperplane arrangement it determines, one can always choose 
(/) in its coset so that it preserves a chamber of this arrangement. Such elements 
are the 1-regular elements of the coset (they have a fixed point outside the refiecting 
hyperplanes) , thus are of order 5. 

Theorem 9.1. Let Wcj) C GL(Xr) be a finite order real reflection coset, such that 
(j) preserves a chamber of the hyperplane arrangement on determined by W , thus 
induces an automorphism of the Coxeter system (W, S) determined by this chamber. 
We call again cj) the induced automorphism of the braid group B of W , and denote 
by S,W the lifts of S,W to B (see around Definition \8.2]) . 

Let = e^"/'' and let V be a subspace of X := Xr (E)C on which some element 
ofWcf) acts by Cd- Then we may choose V in its W -orbit such that: 

(i) Cw{V) = Wi for some I d S. 

(ii) // Wjwcj) is the Wi -coset of elements which act by on V , where w is I- 
reduced, then whend ^ 1 we have l{w) — {2/d)l{wowJ ) and l{{w(l)y (f)^^) = 
il{w) if 2i < d. 

Further, when d ^ 1 the lift w G W of a w as in (ii) satisfies '^'^1 = I and 
(w(/))'^ = ^'^tt/tti, where I C S zs the lift of I. 

Finally note that if d = 1 then w = 1 in (ii) and we may lift it to w :— tt/tti 
and we still have '^'^1 = I and (w</))'* = tt/tti 

Note that in particular, for the w in (ii) we have {'W(j)Y = 4''^ ■ 

Proof. Since W{(j)) is finite, we may find a scalar product on Xr (extending to an 
Hermitian product on X) invariant by W and 4>. The subspace of Xr on which 
W acts non-trivially (the subspace spanned by the root lines of W) identifies to 
the reflection representation of the Coxeter system [W, S) (see for example }Bou[ 
chap. 5, §3]). We will use the root system $ on X^ consisting of the vectors of 
length 1 for this scalar product along the root lines of VF, which is thus preserved by 
W{(j)). The strategy for the proof of (i) will be, rather than change V, to choose an 
order on $ such that the corresponding basis makes CwiV) a standard parabohc 
subgroup of W. 

Let u be a regular vector in V, that is v ^ V such that Cw{v) = Gw{V). 
Multiplying v if needed by a complex number of absolute value 1 , we may assume 
that for any a € $ we have 3fi(u, a) = if and only if (w, a) = 0. Then there exists 
an order on $ such that C {a e $ | 9fi((u, a)) > 0}. Let H be the corresponding 
basis and let / = {a € n|5R((w, a) ) =0}. Then for a € $ we have a € $/ if and 
only if (w,a) — 0, thus Cw{V) = Cw{v) = Wi. This proves (i). 
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We prove now (ii). The element wcj) sends v to C,dV, thus preserves $/, and since 
we chose w to be /-reduced we have = /. 

Note that {uxf)'^ = (f)'^. Indeed (wcj))'^ fixes v, thus preserves the sign of any root 
not in $/; as ""^/ = /, it also preserves the sign of roots in $/. It is thus equal to 
the only element (p'^ of W(t)'^ which preserves the signs of all roots. We get also that 
= /. 

Since (u, ('"'^'"a) = (("'^) '"w,a) = Cd™(«' ")> get that aU orbits of on 
$7 have cardinality a multiple of d; it is thus possible by partitioning suitably those 
orbits, to get a partition of $ — $/ in subsets O of the form {a, ^'^a, . . . , a}; 
and the numbers {(w, /?) | /? G O} for a given O form the vertices of a regular d-gon 
centered at e C; the action of w(f> is the rotation by — 27r/(i of this d-gon. Looking 
at the real parts of the vertices of this d-gon, we see that for m < d/2, exactly m 
positive roots in O are sent to negative roots by (wcf))"^. Since this holds for all O, 
we get that for m < d/2 we have l{(t)-"'{w(j))"') = IlifcM; thus if w is the lift of 
w to W we have (w0)' e W(/)* if 2i < d. 

If d = 1 since w(j) = (j) we have w = 1 so we may lift it to ■n/'Ki as stated. 
Otherwise we finish with the following 

Lemma 9.2. Assume that '^'^Wi — Wi , that w is I -reduced, that {w(j)Y = <t>'^ and 
that ~ {2i/d)l{wQWJ^) if 2i < d. Then if w is the lift of w to W we 

have '"'^I ~ I and if d ^ \ we have (wcf))'^ = (P'^tt/tvj. 

Proof. Since w is /-reduced and wcfi normalizes Wi we get that wcf) stabilizes /, 
which lifts to the braid group as '^^'^I = I. 

Assume first d even and let d — 2d' and x — {w(j)Y ■ Then l{x) — (l/2)Z(7r/7ri) = 
1{wq) — l(wj) and since x is reduced-/ it is equal to the only reduced-/ element 
of that length which is wqwJ^ . Since the lengths add we can lift the equality 
(wcj)Y — 4>'^ wqwJ^ to the braid monoid as (w0)'* = (j)'^ wqw^^. By a similar rea- 
soning using that {w(f)Y <i>~'^ is the unique /-reduced element of its length, we get 
also {w(j)Y = w^^wq^^ . Thus (w^)'' = w^^wp^'^ 4''^ WqwJ^ = ^'^tt/tti, where 
the last equality uses that (j)'^ = {wipY preserves I, whence the lemma in this case. 

Assume now that d = 2d' + 1; then {wcpY is /-reduced and {wcpY is 
reduced-/. Using that any reduced-I element of W is a right divisor of wqwJ 
(resp. any I-reduced clement of W is a left divisor of w^^wq), we get that there 
exists t,u e W such that (j)'^ wJ^wq — t{-w4>Y and wowj^cj)'^ = {wpY u. Thus 
(j)'^TT/-Ki = WowJ^ (/)''■ wJ^Wq = (yv(j)Y u(j)t(\v<j)Y , the first equality since I — I. 
The image in Wcj)'^ of the left-hand side is (j)'^, and {w4>Y = 4''^- We deduce that the 
image in Wcj) of u0t is w(p. If d 7^ 1 then d' 7^ and we have l{u) = l{t) = /(w)/2; 
thus u(j)t — wcj) and (w(j)Y = (P'^tt/tti. □ 

□ 

Note that Theorem 19.11 only handles the case of eigenspaces for the eigenvalue 
Cd, and not for another primitive d-th root of unity However, note that if the 
coset W(f> preserves a Q-structure on Xr (which is the case for cosets associated 
to finite reductive groups, except for the "very twisted" cases ^/32, and ^/^4), 
then if is an eigenvalue of w(j), the Galois conjugate Cd is also an eigenvalue, for a 
Galois conjugate eigenspace. In general, since we assume W(j> real, we may assume 
2k < d since if is an eigenvalue of wcj) the complex conjugate ^^"'^ is also an 
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eigenvalue, for the complex conjugate eigenspace. In this last case we may say the 
following (here we assume d ^ 1): 

Corollary 9.3. In the situation of Theorem \9.1[ let C — Cd with k prime to d and 
2k < d, and let V be a subspace of X on which some element of W<j) acts by C- 
Then we may choose V in its W -orbit such that: 

(i) Cw{V) = Wi for some I cS. 

(ii) // Wiw(f> is the Wi-coset of elements which act by C on V, and w is the 
unique I-reduced element of that coset, then l{w) = {2k/d){l{wQWj^)) and 
l{{w(j)y(j>~') = il{w) if 2ik < d. 

Further, ifw is the lift of w as in (ii) to W and I C S is the lift of I , then ^"^I = I 
and (w^)'' = (^''(Tr/Tri)*^. 

Proof. The proof of (i) in Theorem 19.11 does not use that the eigenvalue is (d, so 
still applies. The beginning of the proof of (ii) also applies and proves that in the 
W^-orbit we may choose w such that CwiV) = Wi, {wcjiY = (j)'^ and ""^/ = /. 

Let d' ,k' be positive integers such that kk' = 1 + dd\ and let wi^i — {w(t))^ , 
where = cj)'^ . Then acts on V by (^d, so we may apply Theorem 19.11 to 

it. We have {wicpi)'' ^ {wcjjf^' = {w(j)Y+'^'^' = {w(j3){w(j)Y'^' = {w(j3)(j)'^'^\ thus 
Wiw(t> = {Wiwi<t>if<t)^~^^\ thus {Wiw4>y<t)~' = {WiWi(t)if^(l)-^\ whence (ii). 

Finally, by Theorem HT] the hft v^^i of wi to B satisfies '"^'t'^l = I and (wi^i)'^ = 
(pfiT/TTi, thus if we define w by (wi0i)'^ = wc/)^^'^'^ , then w is the lift of w and 
satisfies the last part of the corollary, using '^''l = I. □ 

We give now a converse. 

Theorem 9.4. Let {W,S), </>, Xr, X, S,B,B+ be as in Theorem \9Ji For d e N, 
let w e _B+ be such that {wcj))'^ = ^''tt/tti for some (jj^-stable I C S. Then 

(i) ^-^I^I. 

Denote by w and I the images in W of mv and 1, let (^d — e^^'"^'^ , let V d X be the 
C,d-eigenspace of w(j>, and let X^' be the fixed point space ofWj; then 

(ii) Wi = Cw{X^' nV), in particular Cw{V) C Wj. 
Further, the following two assertions are equivalent: 

(iii) w is maximal, that is, there do not exist a ip'^ -stable J C I and v G B^ 
such that (vw (/))'' — (P'^tt/ttj. 

(iv) No element of the coset Wjwcf) has a non-zero C,d-cigenvector on the sub- 
space spanned by the root lines of Wj . 

Proof. Notice that, since {w(f>)'^ — (7ri)^^7r(/)'^ implies Q!i(w) = 1, condition (i) 
is equivalent to require that I ^ "^I is a morphism in the category B^{T) (this 
morphism is then by assumption a d-th root of A|-). 

To prove (i) notice that by assumption w0 commutes to (P^tt/tvi, thus, since tt 
is central and (/)-stable, it commutes to tti^"'*. Thus, if 6 is the order of <j), since 
TTi is (j)'^ -stable, wcj) commutes to ttj, hence (tTj)"^ = tt^j. By Proposition 15. 15f i) 
we deduce (i). 

In our setting Lemma 16.21 thus reduces to the following generalization of [BM) 
lemme 6.9] 

Lemma 9.5. Let w e £?+ and I C S fee a (f/ -stable subset such that {w(j>)'^ = 
4>'^Tv/iri. Then there exists v e (5+)'^'' such that (w0)^ e B+cj), F C S and 
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((w0)'^)L2J £ W0L2J. Further, adv defines a morphism in 2)+(Z)'^ (that is, the 
conjugation is by "(p'^-stable cyclic permutations"). 

Thus if we define w' and J by (wcf))^ — w'4> and I"^ = J, we have (w'cj))'^ — 
(j)'^7T/-Kj and = J. 

As (ii) and the equivalence of (iii) and (iv) are invariant by a conjugacy in B 
which sends wcj) to B^cj) and I to another subset of S, we may replace (w0, 1) by 
a conjugate as in Lemnia l9.51 thus assume that w and / satisfy the assumptions of 
the next lemma. 

To state the next lemma we extend the length function from to x: {(/)) by 
setting l{w(f>^) — l{w). 

Lemma 9.6. Let w e W,I C S be such that {w4>Y = cj)"^ , = I and such that 
l{{w(j)y) — ^l{wJ^wo) for any i < d/2. We have 

(i) // $ be a (j)-stable root system for W (as in the proof of Theorem Iff. 
then (f> — $/ is the disjoint union of sets of the form {a, ^'^a, . . . , a} 
with a, ""^a, . . . , i^<P)^''^"-^-'a of same sign and (""^^^''^'^a, . . . , (""^)''"'a of 
the opposite sign. 

(ii) The order of w(j) is \cm{d, S) . 

(iii) Ifd>l, then Wi = CwiX^' n ker(w(/) - Q))- 

Proof. The statement is empty for d = 1 so in the following proof we assume d > 1. 

For X e W yi {(j)) let N{x) = {a e | G $~}; it is well known that for 
a; e we have l{x) — |iV(a;)|. This still holds for x — w(j)^ G T4^ x ((/)) since 
N{w(l)') = 'iV(w). It follows that for x, y e x (0) we have l{xy) = l{x) + l{y) if 
and only if N{xy) — N{y) JJ ^ N{x). In particular l{{w4>y) = il{w(j)) for i < d/2 
implies (""^)""7V(u;0) C for i<d/2- 1. 

Let us partition each w^-orbit in <f> — $/ into "pseudo-orbits" of the form 
{a, '"'^Q;,...,(""^)'"'a}, where k is minimal such that (""^^'a = '^"a (then k di- 
vides d); a pseudo-orbit is an orbit if = 1. The action of w(j) defines a cyclic 
order on each pseudo-orbit. The previous paragraph shows that when there is a 
sign change in a pseudo-orbit, at least the next [d/2j roots for the cyclic order have 
the same sign. On the other hand, as 4>'' preserves each pseudo-orbit contains 
an even number of sign changes. Thus if there is at least one sign change we have 
k > 2[(i/2j. Since k divides d, we must have k — d for pseudo-orbits which have a 
sign change, and then they have exactly two sign changes. As the total number of 
sign changes is 2l{w) = 2|<I> — $/|/d, there are |$ — ^i\/d pseudo-orbits with sign 
changes; their total cardinality is j*!' — $/|, thus there are no other pseudo-orbits 
and up to a cyclic permutation we may assume that each pseudo-orbit consists of 
[d/2j roots of the same sign followed by d — Yd/2\ of the opposite sign. We have 
proved (i). 

Let d' = lcm(d, 5). The proof of (i) shows that the order of w4> is a multiple of 
d. Since the order of {w(t>Y — <t>'^ is d' /d, we get (ii). 

We now prove (iii). Let V — 'kex{w(t> — C,d)- Since W {(f)) is finite, we may find a 
scalar product on X invariant by W and (f). We have then X'^' — ^f. The map 

p — 37 X]f=o^ C(r'(^'^)* ^^"^ (unique up to scalar) w0-invariant projector on V, 
thus is the orthogonal projector on V . 

We claim that p{a) ^< > for any As p((w0)*a) = CdPi'^) 

it is enough to assume that a is the first element of a pseudo-orbit; replacing if 
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needed a by —a we may even assume a G Looking at imaginary parts, we 
have !3(Cd) > for < i < [d/2\, and 3(0) < for [d/2\ < i < d. Let A be a 
linear form such that A is on $/ and is real strictly positive on — $/; we have 
A((""^)'a) > for < i < [d/2\, and A((""^)'a) < for [d/2\ < i < d; it follows 
that 5(A(Q('"'^)"a)) = !3(CdA(('"'^''a)) > for aU elements of the pseudo-orbit. If 
d' = d we have thus 3(A(p(a))) > 0, in particular p{a) ^< >. If d' > d, since 
(p'^a is also a positive root and the first term of the next pseudo-orbit the same 
computation applies to the other pseudo-orbits and we conclude the same way. 

Now Cw{X^' n V) is generated by the refiections whose root is orthogonal to 
X^' r\V, that is whose root is in < <I>7 > +V-^. If a is such a root we have p{a) G< 
$7 >, whence a S by the above claim. This proves that CwiX^' n V^) C Wj. 
Since the reverse inclusion is true, we get (iii). □ 

We return to the proof of Theorem 19.41 Assertion (iii) of Lemma 19.61 gives the 
first assertion of the theorem. We now show ^(iii)=> ^(iv). If w is not maximal, 
there exists a (^'^-stable J C I and v € such that (vw^)'' = ^''tt/ttj, which 
implies '^'^'^J = J. If we denote by ip the automorphism of Bi induced by the 
automorphism w0 of I, we have "^'^J = J and {yipY = '^''"^i/'^i- Let Xj be the 
subspace of X spanned by <&/. It follows from the first part of the theorem applied 
with X, (j), w and w respectively replaced with Xj, v and v that vip = vwcj) 
has a non-zero (^^-eigenspace in X/, since if V' is the (^^-eigenspace of vwcj) we get 
CwAV) CWj C Wi; this contradicts (iv). 

We show finally that ^(iv)=> ~i(iii)- If some element of Wiip has a non-zero 
Cd-eigenvector on Xi, by Theorem 19.11 applied to Wi-i/j acting on Xj we get the 
existence of J C I and v g B^ satisfying "^'''J = J and {vtpy = tp'^iTi/iTj. Using 
that (w0)'^ = ^'^tt/tti, it follows that (vwcj))'^ — {v/(j))'^Tri/TVj = (p'^Tv/ni ■ ttj/ttj = 
(P'^tt/ttj so w is not maximal. □ 

The maximality condition (iii) or (iv) of Theorem 19.41 is equivalent to the con- 
junction of two others, thanks to the following lemma which holds for any complex 
reflection coset and any ^. 

Lemma 9.7. Let W be finite a (pseudo) -reflection group on the complex vector 
space X and let 4> be an automorphism of X of finite order which normalizes W. 
Let V be the C,-eigenspace of an element w(f> G Wp- Assume that W is a parabolic 
subgroup of W which is w(j)-stable and such that CwiY) C W , and let X' denote 
the subspace of X spanned by the root lines of W . Then the condition 

(i) vnx' = 0. 

is equivalent to 

(ii) CwiV)^W'. 
While the stronger condition 

(iv) No element of the coset W'wcj) has a non-zero Q- eigenvector on X' . 
is equivalent to the conjunction of (ii) and 

(iii) the space V is maximal among the (^-eigenspaces of elements ofWcj). 

Proof. Since W {(j)) is finite we may endow X with a Vl^((/))-invariant scalar product, 
which we shall do. 

We show (i) <^ (ii). Assume (i); since wp has no non-zero C-eigenvector in X' 
and X' is w^-stable, we have V _L AT', so that W C Cw{y)i whence (ii) since the 
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reverse inclusion is true by assumption. Conversely, (ii) implies that V C X'-^ thus 

vnx' = 0. 

We show (iv) =4> (iii) . There exists an element of W(j) whose C-eigenspace Vi is 
maximal with V <Z Vi. Then CwiVi) C CwiV) C W and the CvK(Vi)-coset of 
elements of Wcj) which act by ( on Vi is a subset of the coset Cw{V)w(j) of elements 
which act by C on V. Thus this coset is of the form Cw {Vi)v'W(t) for some v g W'. 
By (i) (ii) applied with uk/) replaced by vw(f> we get Ch'(Fi) = W. Since w g W 
this implies that wwi/) and w(j) have same action on Vi so that w0 acts by C on Vi, 
thus Vi C 

Conversely, assume that (ii) and (iii) are true. If there exists v £ W' such that 
vwcj) has a non-zero ^-eigenvector in X' , then since v acts trivially on V by (ii), the 
element vw(f> acts by C on and on a non-zero vector of X' so has a C-eigenspace 
strictly larger that V, contradicting (iii). □ 

Let us give now examples which illustrate the need for the conditions in Theorem 
|9]4]and Lemma [9Jl 

We first give an example where w0 is a root of tt/tti but is not maximal in the 
sense of Theorem 19. 4f iii) and kcr(w0 — () is not maximal: let us take W — ^^(^3), 
<j) — 1, d — 2, ( = —1, I — {S2} (where the conventions for the generators of W are 
as in the appendix, see Subsection lll.2p . w = Wj^^wq. We have = tt/tti but 
ker(w-f 1) is not maximal: its dimension is 1 and a 2-dimensional — 1-eigenspace is 
obtained for w = wq. 

In the above example we still have Cw{V) — Wj but even this need not happen; 
at the same time we illustrate that the maximality ofV = ker(w0— C) docs not imply 
the maximality of w if Cw{V) C Wj; we take W = WiAs), = 1, d = 2, C -1, 
but this time / = {81,83}, w = wJ^Wq. We have w'^ = tt/ttj and kei{w + 1) is 
maximal (w is conjugate to wq, thus — 1-rcgular) but w is not maximal. In this 
case Cw{V) = {1}. 

The smallest example with a maximal w<j) and non-trivial I is for W — W{A4), 
<j) = 1, d = 3, w = S182S384S382 and I = {§3}. Then = tt/tti; this corresponds 
to the smallest example with a non-regular eigenvalue: (3 is not regular in A4. 

Finally we give an example which illustrates the necessity of the condition 
4>'^{T) = I in 19.41 We take W = W(D4) and for the triality automorphism 
Si i~> S4 i~> S2. Let V = WoS^^8^^s|. Then, for I — {si} we have (w(/))^ — Tv/ivicjP, 
but I"^"^ = {^4}- The other statements of 19.41 also fail: if V is the —1-eigenspace of 
uxf) the group Cw{V) is the parabolic subgroup generated by si, S2 and S4. 

Lemma 9.8. Let W4> he a complex reflection coset and let V be the (.-eigenspace 
of w(f) e W(j); then 

(i) NwiV) = Nw{Cw{V)w<j)). 

(ii) IfWcj) is real, and Cw{V) = Wi where {W, S) is a Coxeter system and 
I <Z S , and w is I -reduced, then the subgroup {w G Ciy(w4') ^ Nw(Wi) \ 
V is I -reduced} is a section of Nw{V)/CwiV) in W. 

Proof. Let Wi denote the parabolic subgroup Cw{V)- All elements of WiW(f) have 
the same C-eigenspace V, so NwiWiw4>) normalizes V; conversely, an element 
of N\y(V) normalizes Wi and conjugates wcf) to an element w'cf) with same ^- 
eigenspace, thus w and w' differ by an element of Wi, whence (i). 
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For the second item, Nw{Wi'W(f>)/Wi admits as a section the set of /-reduced 
elements, and such an element will conjugate w(j) to the element of the coset Wiw(j) 
which is /-reduced, so will centralize wcf). □ 

Recall that given a category C with a Garside map A and a Garside automor- 
phism (j), we can consider the semi-direct product of C by (see Definition 12. 6p . 
Then a morphism G C(j) is (p, (7)-periodic if target(w) — (/)(source(w)) and 
{w(f))P = A'^cj)^. An element satisfying the assumption of Theorem 19.41 is thus a 

(rf, 2)-periodic element of /?"'" (!)(/), since Aj starting from the object I is I '^^^'> I. 
Lemma 19.51 shows that such an element is cyclically conjugate to an element which 
satisfies in addition (jwcj))'^ G , where d' — [|j . We will call good a periodic 

element which satisfies the above condition. 

The following proposition, which rephrases Corollary 16.31 in our setting, shows 
that it makes sense to write a period of the form (d, 2) as a fraction d/2, since it 
shows that when 2\d, a good {d, 2)-periodic element such that (wi^)'' = Aj satisfies 
(w(/))''/2 = ^2;. We will thus call such elements d/2-periodic. In jPDGKMj the 
analogous statement is shown for a general p/q. 

Proposition 9.9. Assume the morphism I ^ "^I is good d/2-periodic (which 
means that w G /?+ satisfies '^'^I = I, (w0)'^ = (j)'^TT/TTi and that in addition 
(w(/i)'* G W^*^ , where d' — \J^\)- Then if d is even we have (wcf))'^ = Wj^"'"Wo0'' , 

and if d is odd there exists u G W* with I" C S such that ■wcf) — u(f> ■ u and 
(w(/))'' u — Wj^^wo^'* . 

Let us define the (-rank of a (complex) reflection coset Wcj) C GL{X) as the 
maximal dimension of a i^-eigenspace of an element of Wcf), and the C-rank of an 
element of Wcj) as the dimension of its C-eigenspace. 

Let us say that a periodic element of B'^(X)(f> is maximal if it is maximal in 
the sense of Theorem I9.4r iii) . Another way to state the maximality of a periodic 
element is to require that |I| be no more than the rank of the centralizer of a 
maximal Cd-eigenspace: indeed if I '^1 is not maximal there exists J and v as 
in Theorem inHIiii) and, since Theorem l9.4f iii) implies Lemma IHTTT iii). the element 
vwcj) has maximal C^-rank, and the centralizer of its Cd-eigenspace has rank |J| < |I|. 

A particular case of Theorems 19.11 and 19.41 is 

Corollary 9.10. Let V' be the Q-eigenspace of an element of Wcj) of maximal 
rank. Then there is a W -conjugate V ofV and I d S such that CwiV) — Wj and 
the wcj) defined in Theorem \9.lY ii) induces a d/2-periodic I "^I which is maximal. 
Conversely, for a d/2-periodic maximal I "^I the image wcj> in Wcj) has maximal 
Qd-rank. 

Lemma 9.11. Let Wcj> C GL(Xk) be a finite order real reflection coset such that 
cj> preserves the chamber of the corresponding hyperplane arrangement determining 
the Coxeter system (W, S). 

Let w € W and L C S and let w G W and I C S fee their lifts; let T be the 
conjugacy orbit of I, then w induces a morphism I ^ "^I G B^{I) if and only if: 
(i) ""^L = / and w is L -reduced. 

For d > \, the above morphism I "^I is good d/2-periodic if and only if the 
following two additional conditions are satisfied. 
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(ii) Z(M)V"'0 = ^li^j'ujo) forO<i< Lf J . 

(iii) iw<j)Y ^ . 
If, moreover, 

(iv) Wiwcf) has C,d-'''o.nk on the subspace spanned by the root lines ofWj, 
then w(j) is maximal in the sense of Theorem \9.4^ iii) . 

Proof. By definition w induces a morphism I "^I if and only if it satisfies (i). 
By definition again if tfiis morpliism is good (i/2-periodic then (ii) and (iii) are 
satisfied. Conversely, Lemma 19.21 shows that the morphism induced by the lift of a 
w satisfying (i), (ii), (iii) is good d/2-periodic. 

Property (iv) means that no element vwcj) with v E Wi has an eigenvalue Cd on 
the subspace spanned by the root lines of Wi which is exactly the characterization 
of Theorem 19. 4r iv) of a maximal element. □ 

Note that d and / in the above assumptions (i), (ii), (iii) are uniquely determined 
by w since d is the smallest power of w(j) which is a power of (j) and / is given uniquely 
by (w0)^ = tt/tti^'^. 

Definition 9.12. We say that wcj) S Wcj) is Cd-good (relative to Wcj) and I) if it 
satisfies (i), (ii), (iii) in Lemma \9.11[ 

We say w(j) is C^d-good maximal if it satisfies in addition (iv) in Lemma \9.11i 

In particular, C^-good elements lift to good (i/2-periodic elements, and Cd-good 
maximal elements lift to good maximal d/2-periodic elements. 

The Cd-good maximal elements belong to a single conjugacy class of W. The 
following lemma applied with C — Cd gives a characterization of this class. 

Lemma 9.13. Let Wcj) be a finite order real reflection coset such that cj) preserves a 
chamber of the corresponding hyperplane arrangement. The elements of W(f> which 
have a ^-eigenspace V of maximal dimension and among those, have the largest 
dimension of fixed points, are conjugate. 

Proof. Let w and V be as in the lemma. Since, by [S] Theorem 3.4(iii) and Theorem 
6.2(iii)], the maximal ^-eigenspaces are conjugate, we may fix V. Since CwiV) is a 
parabolic subgroup of the Coxeter group W normalized by w(j), the coset Cw{y)w4> 
is a real reflection coset; in this coset there are 1-regular elements, which are those 
which preserve a chamber of the corresponding real hyperplane arrangement; the 
1-regular elements have maximal 1-rank, that is have the largest dimension of fixed 
points, and they form a single Cw {V)-oihit under conjugacy, whence the lemma. 

□ 

Lemma 9.14. Let wcj) be a Cd-good maximal element, let I be as in Lemma \9.11\ 
and let Vi be the fixed point subspace of wcj) in the space spanned by the root lines 
ofWi; then wcj) is regular in the coset C'w(yi)wcj). 

Proof. Let W' = CwiVi); we first note that since wcj> normalizes Vi it normalizes 
also W' , so W'wcj) is indeed a reflection coset. We have thus only to prove that 
Cw'{V) is trivial, where V is the Cd-eigenspace olwcf). This last group is generated 
by the reflections with respect to roots both orthogonal to V and to Vi , which are 
the roots of Wj = Cw{V) orthogonal to Vi. Since wcp preserves a chamber of Wj, 
the sum v of the positive roots of Wi with respect to the order defined by this 
chamber is in Vi and is in the chamber: this is well known for a true root system; 
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here we have taken all the roots to be of length 1 but the usual proof (see [Bou[ 
Chapitre VI §1, Proposition 29]) is still valid. Since no root is orthogonal to a vector 
V inside a chamber, Wi has no root orthogonal to Vi, hence Cw'{y) = {!}• D 

Note that the map Civ(iu0) = Nw'{V) — ?► Nw{V)/Cw{V) in the above proof 
is injective, but not always surjective: if W of type i?7, if = Id and C = ?, a fourth 
root of unity, then Nw {V) /Cw {V) is the complex reflection group Gs , while W is of 
type Di and Nw'{y)/Cw'{y) is the complex reflection group G(4, 2, 2). However, 
we will see in appendix 1 that there are only 4 such cases for irreducible groups W] 
to see in the other cases that Cw'{w(f)) ~ Nw{V) / Cw{V) it is sufficient to check 
that they have same reflection degrees, which is a simple arithmetic check on the 
reflection degrees of W and W . 

10. Conjectures 

The following conjectures extend those of |DM21 §2]. They are a geometric form 
of Broue conjectures. 

Conjectures 10.1. Let I ^ "^I G B^{I) he a maximal d/2-periodic morphism. 
Then 

(i) The group generated by the monoid _B+ of Theorem \8.28\ is isomorphic 
to the braid group of the complex reflection group :— Nw{WiW(j))/Wi . 

(ii) The natural morphism "^I) — > EndgF (X(I, W(/))) (see below 
Definition \8.25\) gives rise to a morphism — > EndgF _ff*(X(I, w(/))) 
which factors through a special representation of a Cd-cyclotomic Hecke 
algebra for Ww ■ 

(iii) The odd and even i/*(X(I, w0)) are disjoint, and the above morphism 
extends to a surjective morphism QglB^] — )■ EndQF(_ff*(X(I, W(/)))). 

Lemma 10.2. Let I ^ '^I G _B+(I) be a maximal d/2-periodic morphism and 
assume Conjectures \10.I[ then for any i ^ j the -modules i?*(X(I, W(/))) and 
-ff^ (X(I, W(/))) are disjoint. 

Proof. Since the image of the morphism of Conjecture llO.ir ii) consists of equiva- 
lences of etale sites, it follows that the action of H-w on iJ*(X(I, W(/))) preserves 
individual cohomology groups. The surjectivity of the morphism of (iii) implies that 
for p G Irr(G^), the p-isotypic part of iJ*(X(I, wi/))) affords an irreducible H-w- 
module; this would not be possible if this p-isotypic part was spread over several 
distinct cohomology groups. □ 

We will now explore the information given by the Shintani descent identity on 
the above conjectures 

Lemma 10.3. Let I ^ "^I G B^(X) be a d/2-periodic morphism. With the nota- 

tions of Proposition \o7j4\ we have Xq'^i^iT-w'p) = ^ xi^i^P) for 

X G Itt{W)'^ , where (resp. A^) is the valuation (resp. the degree) of the generic 
degree of x and ej ^ jW/T^ J2veWi ^• 

Proof We have (XiT^cj))'^ = XiT.^/T.^^<j>'^ = q-'^^'^^^ XiT.^cj)'^ since Xi commutes 
with T^(j) and since for any v G Wi we have XiT^ — q'-^-^^Ty. Since T^^ acts on the 
representation of character x,™ as the scalar q™('('^)~''x-^x) (see [BM[ Corollary 
4.20]), it follows that all the eigenvalues of XiT^cj) on this representation are equal 
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to g™ 3 times a root of unity. To compute the sum of these roots 

of unity, we may use the speciahzation q'"/^ k-> 1^ through which Xij'"(^i7w0) 
speciaUzes to xi^iwcf))- □ 

Proposition 10.4. Let I ^ "^I G B'^{X) be a d/2-periodic morphism. For any m 
multiple of S, we have 

|X(I,w^)^'^'"| = J2 ^r^'g" ""'"""'""''' (p,i?g;^.,^Id)G.p(g), 
pe£(GF,i) 

where ap and Ap are respectively the valuation and the degree of the generic degree 
of P- 

Proof. We start with Corollary I8.35[ whose statement reads, using the value of 
Xg™(^iTw</') given by Lemma [10.31 

|X(i,w0)^^"H E K^^'pia) 

peSiG'^,1) 

^ — ^ U-7r)-2(-n-j)-a^ - 

E ' x(e/w0)(/5,-Rx)G^- 

Xelrr(lV)'* 

Using that for any p such that (p, Rx)^ 7^ we have Op = and Ap = A^ (see 
[BMj around (2.4)) the right-hand side can be rewritten 

E/r i (tt) — / (ttt ) — ap — Ap ^ ^ 

^„./s^,n , p^g^^p^ ^ x(e/u;^)i?x)G- 

The proposition is now just a matter of observing that 

E ^T.JId) = i?L;^^^(Id). 

Where the last equality is obtained by transitivity of and the equality Ml^f — 

\Wi\~^J2veWi ^T!,ir^(-^d), a torus T of L/ of type v for the isogeny wF being 
conjugate to T^.^, in G. □ 

Corollary 10.5. Let I "^I G B~^{X) he a maximal d/2-periodic morphism and 
assume Coniectures \ 10. 1[ then for any p G Irr(G^) such that {p, -RLi^^(Id))GF 7^ 
the isogeny F^ has a single eigenvalue on the p-isotypic part o/-ff*(X(I, "wcj))), equal 

^ i(-7r/-7rj)-ap - Ap 
to ApQ d 

Proof. This follows immediately, in view of Lemma 110. 2[ from the comparison be- 
tween Proposition 110.41 and the Lefschetz formula: 

|X(I,w0)s^'"| =E(-l)'Trace(gi^" | iI^(X(I, w,/.), Q,)). 

i 

□ 

In view of CoroUary USSJi) it follows that if {p, Rf;,{ld))GF ^ then if = 1 
then 'W^O-^p-^P ^ and if = v/?" then 'W^O.^p'-^p ^ + 1/2. 
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Assuming Conjectures 110.11 we choose once and for all a specialization q^/" !-> 
C}/°-, where a S N is large enough such that "Hw ® 'Q.Al'^^^] is split. This gives a 
bijection ipq: Irr(W„,) — Irr('Hvv), and the conjectures give a further bijection 
between Irr(Wu.) and the set {p S Irr(G^) | (p, .Rl/ (I^))g^ 0}j which is 
such that (P¥',i?Lj(Id))G^ = '/'(I)- 

Corollary 10.6. Under the assumptions of Corollary \10.5[ if lo^ is the central 
character of p, then 

= L0^{{W^Y)C' ^ . 

Proof. We first note that it makes sense to apply to {wipY , since {wipY is a cen- 
tral element of Ww ■ Actually (w^)* is a central element of and maps by the mor- 
phism of Coniecture llO.lf iii) to , thus the eigenvalue of i^* on the P(^-isotypic part 

of i/*(X(I, w0)) is equal to w^,((w0)^); thus u^^Hwc^Y) = Ap^g'^'""''"^"'^"^''" . 
The statement follows by applying the specialization q^/°' i— > C^/" to this equal- 
ity □ 

11. Appendix 1: good (^-maximal elements in reductive groups 

We will describe, in a reductive group G, for each d, a (^d- good maximal element 
uxj) relative to W(j) and some I C S. Thus the variety X(I, w(p) will be the one 
whose cohomology should be a tilting complex for the Broue conjectures for an £ 
dividing ^{q) ($ as in the introduction of Section [9]). 

Since such an element depends only on the Weyl group, we may assume that 
G is semi-simple and simply connected. Now, a semi-simple and simply connected 
group is a direct product of restrictions of scalars of simply connected quasi-simple 
groups. A Cd-good (resp. maximal) element in a direct product is the product of a 
Cd-good (resp. maximal) element in each component. So we reduce immediately to 
the case of restriction of scalars. 

11.1. Restrictions of scalars. A restriction of scalars is a group of the form 
G", with an isogeny Fi such that Fi{xo, . . . , x„_i) = (xi, . . . , a;„_i, F{xq)). Thus 
(G")^i ~ G^. 

If F induces on the Weyl group of G then (G",i^i) corresponds to the 
reflection coset W"" ■ a, where (t(xi, . . . , x„) = {x2, . . . , Xn, 

In the first two propositions of this section, we will study such a "restriction 
of scalars" for arbitrary complex reflection cosets. Thus we start with a reflection 
coset W(j), with W C GL{V) a complex reflection group where V = C, and </> S 
-^GL(y)(T^)- We denote by (5 the order of (the minimali such that (W^0)* = W). 
We want to study the eigenvalues of elements in the coset W"^ ■ a C GL(y"), where 
(t(xi, . . . , Xn) = (xi^ . . . , Xm '/'(a^i)); we say that this coset is a restriction of scalars 
of the coset Wcj). 

Recall (see for example [Br] ) that, if Sw is the coinvariant algebra of W (the 
quotient of the symmetric algebra of V* by the ideal generated by the W^-invariants 
of positive degree), for any M^-module X the graded vector space {Sw ^ X*)^ ad- 
mits a homogeneous basis formed of eigenvectors of (j). The degrees of the elements 
of this basis are called the X-exponents of W and the corresponding eigenvalues 
of (j) the X-factors of Wcj). For X = V, the F-exponents Ui satisfy Ui = di — 1 
where the d^'s are the reflection degrees of W, and the F-factors Si are equal to the 
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factors of W(j). For X — V*, the 71^ — 1 where rii are the y*-exponents are called 
the codegrees d* of W and the corresponding y*-factors e* are called the cofactors 
of W(j>. By Springer [S, 6.4], the C-rank of Wc/) is equal to |{i | C** = eOl- By 
analogy with the C-rank, we define the C-corank of W4> as |{i | = e*}|. By for 
example [Brl 5.19.2] an eigenvalue is regular if it has same rank and corank. 

Proposition 11.1. Let ■ a be a restriction of scalar s of the complex reflection 
coset W<j). Then the (-rank (resp. corank) of W^^ ■ a is equal to the CJ^-rank (resp. 
corank) of W(j). 

In particular, C, is regular for ■ a if and only if is regular for W ■ cj). 

Proof. The pairs of a reflection degree and the corresponding factor of a for the 
coset ■ a are the pairs (di, ^£7), where i G {1, . . . , r}, j e {1, . . . , n} and 
where ^^ej represents an n-th root of (that we choose arbitrarily for each i). 
Similarly, the pairs of a reflection codegree and the corresponding cofactor are 

In particular the C-rank of • cr is |{(i, j) | C'*' = Cn -v/slil ^^"^ C-corank is 

\W,3)\C''' =CiV^}\- 

Given a G N, there is at most one j such that the equality C° = Cn \f^i holds, 
and there is one j if and only if C'"^ = £i ■ Thus we have 

\{{hj)\C''^^Ci^}\^\{^\C''^=e.}\ 

and similarly for the corank, whence the two assertions of the statement. □ 

We assume now that C — Q', note that Cd ^ d/fc-th root of unity, where 
k — gcd(n, d), but it is not a distinguished root of unity. We have however the 
following: 

Proposition 11.2. Let ■ a be a restriction of scalar s of the complex reflection 
coset W(j) and for d let k — gcd(n, d); then there exists m such that m(n/k) = 1 
(mod d/k) and gcd{m, S) — I, and for such an m the C,d-fo-nk (resp. corank) ofW^^-a 
is equal to the Cd/k-Tank (resp. corank) ofW ■ 0™. 

Proof. We first show that m exists. Choose an m such that m(n/k) = 1 (mod d/k). 
Since m is prime to d/k it is prime to gcd(d/k,6). By adding to to a multiple of 
d/k we can add modulo S any multiple of gcd{d/k, S), thus we can reach a number 
prime to S, using the general fact that for any divisor S' of S, the natural projection 
Z/dZ A Z/d'Z is such that 6i((Z/5Z)^) D (Z/J'Z)^. 

By Proposition 111.11 the Cd-rank (resp. corank) of W"^ ■ a is equal to the C^ = 
C^/^-rank (resp. corank) ofW-cj). Now (resp. e*™) are the factors (resp. cofac- 
tors) of W ■ (/)™ and since to is prime to S and ef = 1, we have \{i \ C*' = = |{* I 
(C™)"*' — £^11' (simflarly for d*,e*); thus the Cd/fe-rank (resp. corank) of W ■ cf) is 
equal in turn to the C^;!'^'^-rank (resp. corank) of W ■ (j)"^ . Now, since m{n/k) = 1 
(mod d/k), we have CT/k'^'' = Cd/k- □ 

We now assume, until the end of the subsection, that W4> is a real reflection 
coset of order S, that 4> preserves a chamber corresponding to the Coxeter system 
{W, S), and that C = Cd is a distinguished root of unity. We will use the criteria of 
Lemma [9. in to check that an element is Cd-good (resp. maximal). 
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Proposition 11.3. Under the assumptions of Proposition \Jl.2\. let vcj)"^ be a Cd/k- 
good element relative to W(j)™' and I . Then 

• // either fc = 1 or d/k is even, define w — (wq, . . . ,Wn-i) G W"' by 
Wik = and Wj — 1 if j ^ (mod k) 

• If d/k is odd and k ^ 1, by Proposition 1 9. 9\ there exists fi,f2 G W such 
that vcj)"" = vi(j)"'v2 and {v(t)"')^i-^'^l'^vi = wf^WQ(t)"''^i'^^/'^ ; define w = 
(wo,...,w„_i) e W" by 

[l */j^O,L|j (mod A:) 

In each case wa is a C,d-good element relative to W^a and I_ where / (/o, . . . , In-i) C 
5" with Ij = y^jy^j+i-^^-i't'i and we have Nw^iWiwa)/Wic^ Nw{WiV(l)"')/Wi . 
If moreover v<jf^ is maximal then wa is also maximal. 

Proof. To lighten the notation, we set n' = n/k and d' — d/k. 

We recall that vcjf^ being C^z-good means ""^ 1 = 1 and v is /-reduced, {v(j)"^Y = 
(t)""^', and Z((i;0™)V"™) = '2i/d' ■ liwj^wo) for < i < J. We have to show the 
same conditions for wa, that is 

(i) """{In, . • ■ , In-i) = (/o, . • ■ , /ri-i) and w is (/q, . . . , /„_i)-reduced. 

(ii) (wa)'^ = a'^. 

(iii) l{{waya-') = "^liwf^wa) for < i < L|J. 
We first note: 

Lemma 11.4. (j)'^ stabilizes v and I (thus <f)^^^^'^ '^'> also). 

Proof. As (w0™)'' = 0""* , we find that (j)™'^ stabilizes v(jf^ and /, thus v and /. 
Since m is invertible modulo 5, we get that t^"^ stabilizes v and /. □ 

We first check that / C 5". In the case d' even, each Ij is of the form 
0""(i,)0('+i)'"(i,)...0("'-i)"(t,)0j (^here i/fc is the smallest multiple of k greater than j). 
lid' is odd Ij is either as above or of the form </><'""'"(^'2)0™(i')0<'+'''"(i')...0<"'-'''"(i')0/_ 
In the first case, since 1 — mn' = (mod d') and i/i'* stabilizes /, by Lemma Til ■4[ 
we can write 

j^. ^ ,/,''"(i>)0<'+i'" («)... 0<"-'-i)'"(,,)</.™"-' J ^ ^ ^ 

In the second case, if we put J = I^^ = "^"^ /, a subset of S by Proposition [HiH we 
get J, = = J. 

We now check (i). The verification of ^"{Iq, . . . , In-i) = {Iq, ■ ■ ■ , In-i) reduces 
to «'oii'i...«'„-i0/ = ^iiich itself reduces to i-^-" (i-)- ■■</-<"' "''"(f)-/-/ ^ which is 
true by the case i of the above computation. Similarly, checking that wa is 
{Iq, . . . , /„_i)-reduced reduces to the check that for each j the element Wj is Ij- 
reduced, where = Wj^'i+i---'^r.-i4'j ^ jwo...Wj^i^ ^j. equivalently that wq . . .wj-i 
is /-reduced. Thus in the d' even case we have to check that v(j)™{v) . . . (/)™(f ) is 
/-reduced for < « < n'. This results from the fact that v is /-reduced and that v4>™ 
normalizes /. In the d' odd case we have also to check that v(j)"'{v) . . . 0(*-i)™(z;)(^™(-di) 
is /-reduced, which follows from the fact that v is /-reduced, that v4>"^ normalizes 
/ and that vi is also /-reduced, which we know by Proposition l9.9l 
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For checking (ii) and (iii) we compute {way. For any {wq, . . . ,Wn-i) & 
we have cr(wo, • • ■ , Wn~\) — (wi, . . . , Wn-i, (/)(wo))cr, thus we find that if we define 
for all j the element Wj — <p^~^ {wj„) = (l)^i^{wjg) where jo = j (mod n) and 
< Jo < TT'i "we have 

[way = (wo • ..Wi-i^wi ...Wi,.. .,Wn-i ■ . . Wi+„_2)a''. 

Each product WuWu+i ■ ■ ■ Wu+i-i appearing in the above expression is, up to apply- 
ing a power of (j), of the form (ycj/^y or in the d! odd case additionally of one of 
the forms (v2'^™f i)-'^"'"-' , (wi0™W2)"'i'i0~™"' or t;2 (1^1 0™t^2 i for some j which 
depends on u and i. If i is a multiple of k the last two forms do not appear and 
j = i/k. In particular if i = d we get either or {v2(ji^viY/^(j)~"^'^/'^ . 

Since {v(j)"^Y = cj)'^ we have also {v24>"^vi)'^ = v^^{v(j)"^y vi = (j)"^'^ , since v, 
hence fi, is 4>™''^ -stable, whence (ii). 

To check (iii) it is enough check it for i = 1, which is clear since l{w) = n'l(v) — 
^liwj^wo) and l{v) = Z(ui) -f K'/'™(^^2)) (by Proposition [QJl) and to check that in 
a product WuWu+i ■ ■ ■ Wu+i-i the lengths add for all i < [|J : the lengths will then 
add in {way for i < [|J which gives (iii). In the d' even case this is a result of the 
lengths adding for {v<j/^y (f)^"''^ . In the d' odd case, we know by Proposition 19.91 
that the lengths add in a product of at most d' terms of the form vi"^ ^2"^ vi . . . 
or of the form V2'^ vi'^^V2 ■ ■ ■■ We claim that to get more than d' non-trivial 
terms in the product WuWu+i ■ ■ ■ Wu+i~i we need i > [|J . The maximal number 
of non-trivial terms is obtained when the first or the last term is non trivial. To 
get d' + 1 non-trivial terms we need i > ^-j-'-fc + [f J, since d' -f 1 is even. But 
^^k + [|J = [^^J + /c > |, whence our claim. 

Computing now Nw"{Wiwa), we find that {go, - . ■ ,5n-i) normalizes (Wrwa) if 
and only if: 

gn-2Wl^_,=Wl^_,'"-^gn-l 

which, using the value Ij = Wj...w„-i4>i = j^o---wj^i becomes 

goWi = Wi'""gi 

'"°-'"--gn-iWi = wr^-^-'^go 

We now notice that an equality aWi — Wib is equivalent to: a normalizes Wj, 
and aWi = bWj. Thus our equations are equivalent to: go normalizes Wj, the 
cosets Wigo, ■ ■ ■ , Wi'^°---^"-'^gn-i are equal (thus determined by 50) and Wigo — 
y^^wo...Wn-i4>g^^ The last equality means that go normalizes Wiwo ■ ■ - Wn-iii] we 
findiVw"(VP/w)/W/ ~ Nw{WiWo ■ . . w„_i0)/VF7 = Nw{Wi{v(t)"')"' (j)^ )/Wi. 
Since 1 — mn' = (mod d'), by Lemma [11.41 commutes with w^™, thus 

((t;(^'")"'0l-™"')" = {y(j)'n^ri'm^m-mn'm^ j^^^ ^^.j^g ^ ^ ^gjj^g ^^^^^^ 

{vcjf^y = (j)""^' we get {y(j)myrn^m-mn'm ^ ^^^m^ad' + l^-amd' ^ ^^m^ ^-j^^g ^j^g 

above coset has same normalizer as Wivcp™. 
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Assume now that v<p™ is maximal, that is Wiv<p™' has Cd'-rank equal to 0. We 
prove the same for wa, that is {Wig x . . . x Wi^_-^)w(t has Cd-rank 0. Identifying Ij 
to I via Wj . . . Wn-i4>, the coset (W/q x . . . x Wi^_^)wa identifies to Wfa' where 

(j'{xo,.--,Xn-i) = (xi,...,a;„_i,(wo---Wn-i0)(a;o)) 

= (xi,...,a;„_i,((z;0'"rVi-'""')(a;o)), 

since in each case we have wq . . . Wn-i<t> = {{v(j>"^)"' (/)^~™" ){xo)). Now by Propo- 
sition 111.21 the Ctj-rank of this last coset is equal to the Cd'-rank of the coset 
T^((i;(/)")">i^"'"')". But we have checked above that = vcj)"^, 

thus the sought C^z-rank is the same as the Cd'-rank of Wiv(t/"- which is by as- 
sumption. □ 

11.2. Case of irreducible Coxeter cosets. We now look at the case of quasi- 
simple simply connected reductive groups G, or equivalently at the case of irre- 
ducible Coxeter cosets Wcf). We will look at any real Coxeter coset Wcj) since it is 
not much more effort than to look just at the rational ones. 

We use the classification. We are going to give, for each irreducible type and 
each possible d, a representative wcj) of the Cd-good maximal elements, describing the 
corresponding /; since conjecturally for a given d all such elements are conjugate in 
the braid group, this describes all the Cd-good maximal elements. We also describe 
the relative complex reflection group W{'W(I)) := N\y{V)/Cw{V)^ where V is the Crf- 
eigenspace of w(f). In the cases where the injection Cw'{w(j)) Nw{V)/Cw{V) = 
W{w4)) of the remark after Lemma (9.141 is surjective, where W — Cw{Vi) and 
Vi is the fixed point subspace of w(j) in the space spanned by the root lines of Wj, 
we use it to deduce W{w(j)) from W = Cw{Vi) since the centralizers of regular 
elements are known (see |BM[ Annexe 1]). 

Types An and "^An O — O ' ' ' O- is defined by the diagram automorphism 

which exchanges Si and Sn+i-i- 

For any integer 1 < d < ?i + 1 , we define 

Vd = siS2 . . . s„„L|jS«s„_i . --s^d+i^ and Jd = {si \ [-y-J + 1 < * < " - L^J}- 

If d is odd we have Vd — v'd'^v'j^, where = siS2 . . . s^_^d^ . 

Now, for 1 < d < n + 1, let fed be the largest multiple of d less than or equal to 
n -I- 1, so that ^±1 < kd < n+1 and k = L^^J • We then define Wd = v^^, Id = Jkd 
and if d is odd we define w'd by 



{v'kd<t>f if k is odd, 
vl^^ 4> if ^ is even. 



Theorem 11.5. For W = W{An), Qd-Qood maximal elements exist for 1 < d < 
n+1; a representative is Wd, with I = Id and W{'Wd) = G{d, 1, L'^ir'J)- 

For W(j), Cd-good maximal elements exist for the following d with representatives 
as follows: 

• d = (mod 4), 1 < d < n + I; a representative is Wdf/) with I = Id and 
W(wd4>)=G{d,l,\j^\). 

• d = 2 (mod 4), 1 < d < 2{n + 1); a representative is w'^j^ifi with I — Id/2 

andW{w',/,cl^)=G{d/2,l,C-^\). 
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• d odd, 1 < d < If d 1 a representative is w^^cj) with I = l2d 
iyK,0) = G(2rf,l,L^J). 

Proof. We identify the Weyl group of type An as usual with by Sj i-^- (i, i + 1); 
the automorphism maps to the exchange of i and n + 2 — i. An easy computation 
shows that the element Vd maps to the d-cycle (1,2,..., [^^J ,n + l,n, ...,n + 2 — 
[|J ) and that for d odd v'^ maps to the cycle (1, 2, . . . , n — ^^). 

Lemma 11.6. Ifd is evenvd andwd are (f)-stable. Ifd is odd we have Wd = w'^^.'^w'^. 

Proof. That d is even implies [^^^J = [|J, thus in the above cycle <j) exchanges 
the two sequences 1,2,..., [^^J and n + 1, n, . . . , n + 2 — [|J , thus Vd is (^-stable. 
The same follows for Wd, with k = L^^J> since kd is even if d is even. 
For d odd we have 

I d> I r I ±\2 \Wkd4>f^ if A; is odd, 
{"kd - {""kd ) if ^ IS even. 

If k is odd we have (v'f.^cj))'^'' = {v'f,j^^v'f.^Y = '"kd — '"^d- If k is even then Vkd is 
(/.-stable thus v^j^ .'^{vlj^) = v^^ = Wd- □ 

Lemma 11.7. For 1 < d < n + 1, 

• the elem,ent Vd is Jd-reduced and stabilizes Jd- 

• the element Wd is Id-reduced and stabilizes Id. 

• for d odd, the element v'^ is Jd-reduced and v'^cf) stabilizes Jd. 

• for d odd, the element w'^ is Id-reduced and iu'^(p stabilizes Id. 

Proof. The property for Wd (rcsp. w'j) follows from that for Vd (rcsp. v'j) and the 
definitions since being /^-reduced and stabilizing Id are properties stable by taking 
a power. 

It is clear on the expression of Vd as a cycle that it fixes i and i + 1 if Sj € Jd 
thus it fixes the simple roots corresponding to Jd, whence the lemma for Vd- 



For d odd, 1 < d < n+1, an easy computation shows that = (1, 2, . . . , n— — 



-3\ 
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and that v'^<j) preserves the simple roots corresponding to Jd. □ 

Lemma 11.8. For 1 < d < n + 1 and for < i < [|J , we have 

• l{vi) = ^Kwj^wo) and /(«^;,) = ^l{wJ^'wo) 

. (for d odd) = iK^j'^o) and lHw'jyct^-') = iH^TI^o)- 

Proof. It is straightforward to see that the result for Wd (resp. w'^) results from the 
result for Vd (resp. v'^ or Vd) and the definitions. 

Note that the group Wj^ is of type A^-d, thus l{wj}wo) = IlilLhi) _ IlLi^Knz^ = 

(2ra-d+l)d 
2 

We first prove the result for Vd and v'^ when i = 1. For odd d we have by 
definition l{v'^) = n — = ^"~'^+i which is the formula we want for v'^. To find 
the length of Vd one can use that s„s„_i . . . s^d+ij is {.si, S2- . . . , s„-i}-reduced, 
thus adds to S1S2 • • • ■5„_[|j > which gives l{vd) = 2n — d + 1, the result for Vd- 

We now show by direct computation that when d is even v'^^^ = w^^wq. Rais- 
ing the cycle (1, 2, . . . , |, n + 1, n, . . . , n + 2 — |) to the d/2-th power we get 
(l,n + l)(2,n) . . . (|,n + 2 — |) which gives the result since wj^ = (| + l,n + 
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1 — |)...([^J, [^^^Y^J). The lemma follows for Vd with d even since its truth for 
i — 1 and * = f implies its truth for all i between these values. 

We show now similarly that for odd d we have = Wj^WQcj)'^- Since (f> acts 

on W by the inner automorphism given by wq, this is the same as (v'^wq)'^ = wj^. 
We find that (1, 2, . . . , n- ^)wo = (1, n + 1, 2, n, 3, n- 1 . . . , n- n- 
. . . ([-^^^^J , L^^2^J ) ^ product of disjoint cycles, which gives the result since 
(l,n+l,2,n,3,n-l,...,n-i^,^^)isad-cycleand(^^,n-i^)...([2±3j^ L^^j) = 

wj^. This proves the lemma for w'^ by interpolating the other values of i as above. 

It remains the case of Vd for odd d. We then have Vd — where the lengths 

add, and we deduce the result for Vd from the result for v'^. □ 

Lemma 11.9. The following elements are Cd-good 

• For 1 < d < n + 1, the elements Vd and Wd- 

• For d = (mod 4), d < n + 1 the elements Vd4> o,nd Wdcf). 

• For d = 2 (mod 4), d < 2{n + 1) the elements '^'^'^ 

• For d odd, d < ^^±1 the elements v'^d'P O'f^d w'^d'P- 

Proof. In view of the previous lemmas, the only thing left to check is that in each 
case, the chosen element x in W (resp. ]¥(/)) satisfies x"^ = 1 (resp. {x(j))'^ = cj)'^). 
Once again, it is easy to check that the property for Wd (resp. w'j) results from that 
for Vd (resp. v'^ or Vd) and the definitions. 

It is clear that = ^ since then it is a d-cycle, from which it follows that when 
d = 2 (mod 4) we have {v'^i2't'Y — '^'d/2 ~ ^- ^^'^ other cases are obvious. □ 

To prove the theorem, it remains to check that: 

• The possible d for which the Cd-rank of W (resp. W(j)) is non-zero are as 
described in the theorem. In the untwisted case they are the divisors of one of 
the degrees, which are 2, . . . , n + 1. In the twisted case the pairs of degrees and 
factors are (2, 1), . . . , (i, (—1)*), . . . , (n + 1, (—1)"+^) and we get the given hst by 
the formula for the Cd-rank recalled above Proposition lll.il 

• The coset Wiwcj) has Cd-rank on the subspace spanned by the root lines of 
Wi. For this we first have to describe the type of the coset, which is a consequence 
of the analysis we did to show that w4> stabilizes /. We may assume / non-empty. 

Let us look first at the untwisted case. We found that Wd acts trivially on Id, 
so the coset is of untwisted type An-kd where k — L'^^^^J ■ Since 1 + n — kd < dhy 
construction, this coset has C^-rank 0. 

In the twisted case, if d = (mod 4), the coset is Wi^Wd(t), which since Wd acts 
trivially on Id and cj) acts by the non-trivial diagram automorphism, is of type 
An-kd where k = L^^J- Since n — kd = n — [^^^\d < d — 1, this coset has 
Q-i&nk 0. 

If d is odd, the coset is Wi^^wlj^cj), which since W2d acts trivially on l2d and (f) 
acts by the non-trivial diagram automorphism, is of type ^j4„_2fcd where k — [^^^\ ■ 
Since n — 2kd = n — [^^^J2c? < 2d, this coset has Cd-rank 0. 

Finally, if d = 2 modulo 4, the coset is Wi^^2^'j^/2'f'- ^ ~ L^^^ir^J ! then 
of type An-kd/2- If k is even then w'^^^ — '^kd^/2 ^^'^ coset is of type 
^A„_kd/2- Since n — kd/2 < d/2 — 1, this coset has Q-rank 0. Finally if k is odd 
~ Siiice fcd/2 is odd, we found that w'j^^^^cj) acts trivially on Id/2 

so the coset is of type ^„_fed/2, and has also has Q-ia,nk 0. 
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• Determine the group W{w(j)) (resp. W{w)) in each case, We first give Vi and 
the coset Cw{Vi)w(j) or Cw{Vi)w. In the untwisted case Wd acts trivially on the 
roots of Wij^, hence Vi is spanned by these roots and Cw{Vi) is generated by the 
reflection with respect to the roots orthogonal to those, which gives that Cw{Vi) is 
of type A^i^n+ij -^ if d /fn and An otherwise. In the twisted case if d = (mod 4) 
since Wd acts trivially on the roots of Wj^ the space Vi is spanned by the sums 
of the orbits of the roots under (j) which is the non-trivial automorphism of that 
root system. Hence the type of the coset Cw{Vi)'Wd(p is '^A^^n±i^_-^ if n is odd 
and '^A^^ n+i ^ if n is even. If d is odd a similar computation gives that the type 
of the coset Cvi/(Vi)w|^(/) is ^^2d[i±ij-i " '^'^^ ^^'^ ^^2(i[ii^j even. If 

d = 2 (mod 4) ^cts also by the non-trivial automorphism on Wz^^^ ^^'^ 

get that the coset CwiVi)w'^^2^ is of type "^Ag ^ 2(n.+i) ^ if n and [ ^^"/"^^ J have the 
same parity and '^Ad , 2(n+i) , otherwise. 

Knowing the type of the coset in each case, we deduce the group W{w(j)) (resp. 
W{w)) as in the remark at the beginning of Subsection 1 11. 21 □ 

Type Bn C=00- ■ 'O- For d even, 2 < d < 2n we define 

Sl S2 S3 S„ 

Vd = ■ • ■ S2S1S2 ■■■Sn and Jd^ {si\l<i<n- d/2). 

Note that V2n is the Coxeter element S1S2 ■ ■ ■ Sn- Now for 1 < d < 2n, that we 
require even if d > n, we define Wd as follows: let kd be the largest even multiple 
of d less than or equal to 2n so that k = [^J if d is even and k = 2[-^J is d is odd. 
We define Wd = v^^ and Id = Jkd- 

Theorem 11.10. For W — W{Bn), Cd-good maximal elements exist for odd d less 
than or equal to n and even d less than or equal to 2n. A representative is Wd, with 
I = Id; we have W{wd) = G{d, 1, [^J) if d is even and W{wd) = G(2d, 1, [2J) if 
d is odd. 

Proof. We identify as usual the Weyl group of type i3„ to the group of signed 
permutations on {l,...n} by Si 1— )■ (i — for i > 2 and si 1— (1,-1). The 
element Vd maps to the d-cycle (or signed d/2-cycle) given by (n -I- 1 — d/2, n + 2 — 
d/2, . . . ,n — l,n, d/2 — n — 1, d/2 — n — 2, ... , —n). This element normalizes Jd and 
acts trivially on the corresponding roots, so is J^-reduced. The same is thus true 
for Wd and Id, since these properties carry to powers. 

Lemma 11.11. For < i < we have l{v^^) — ^l{wJ^Wo) and l{w]j) = 

f/(^7>o). 

Proof. As in Lemma 111.81 it is sufficient to prove the lemma for Vd, which we do 
now. To find the length of Vd we note that S1S2 . . . Sn is {s2, S3, ... , s„}-reduced so 
that the lengths of Sn+\-d/2 • • ■ S2 and of S1S2 . . . s„ add, whence l{vd) = 2n — d/2. 
Since l{wo) = v? and l{wjd) — {n — d/2)^ we have l{wJ^wo) — nd — d'^/i, which 
gives the result for i = 1. Written as permutations wo is the product of all sign 
changes and wi^ is the product of all sign changes on the set {1, . . . ,n — d/2}; a 
direct computation shows that w^^^ is the product of all sign changes on {n -f 1 — 
d/2, . . . , n], hence v'^^'^ = wJ^wq. The lemma follows for the other values of d. □ 
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Since v^J^"^ — wJ^wq we have = 1, so the same property is true for Wd, thus 
the above lemma shows that Vd and Wd are Cd-good elements. 

Note also that Theorem 111.101 describes all d such that W has non-zero Crf-rank 
since the degrees of W{Bn) are all the even integers from 2 to 2n. We prove now 
the maximality propertv 19 . 1 If iv) for Wd- If fc is as in the definition of Wd, the group 
Wij is a Weyl group of type Bn_kd/2 and Wd acts trivially on Id- Since n—kd/2 < d 
the Cd-rank of Wj^Wd is zero on the subspace spanned by the roots corresponding 
to Id- 

It remains to get the type of W{wd)- Since Wd acts trivially on Id the space Vi 
of Lemma [9.141 is spanned by the root lines of Wj^ and Cw{Vi) is spanned by the 
roots orthogonal to those, so is of type Bkd/2- We then deduce the group W{wd) as 
in the remark at the beginning of Subsection 1 11.2| as the centralizer of a Cd-regular 
element in a group of type Bf^d/2- D 




Types Dn and ^Z3„ Q — O — O ' ■ ' O- is defined by the diagram automorphism 



which exchanges si and S2 and fixes Si for i > 2. 
For d even, 2 < d < 2(n — 1) we define 



Vd = Sn_f_i_d/2 ■ ■ ■ S3S2S1S3 . . .Sn and Jd = 



if d = 2(n-l) 

{si I 1 < i < ri — d/2} otherwise. 



Note that W2(n-i) is a Coxeter element. Then for 1 < d < 2{n — 1), that we require 
even if d > n, we let kd be the largest even multiple of d less than 2n, so that 
k = [ ^"~^ J if d is even and k = 2[-^^J if d is odd, and define Wd = and 
Id = Jkd- 

Note that Vd, and thus Wd, are (/)-stable. 

Theorem 11.12. • For W = W{Dn) there exist C,d-good maximal elements 

for odd d less than or equal to n and even d less than or equal to 2{n— 1). 
When d does not divide n a representative is Wd, with I — Id; in this 
case, if d is odd W{wd) — G(2d, 1. L^^ir"J) ^.nd if d is even W{wd) = 
G(d,l,L2^J). 

Ifd\n a representative is w'n'^ where In 
this case I ^9 and W{wn^'^) = G{2d,2,n/d). 
• For W<j) there exist Qd-good maximal elements for odd d less than n, for 
even d less than 2(rt — 1) and for d — 2n. Except in the case when d divides 
2n and 2n/d is odd a representative is Wd4>, with I = Id and W{wd(t>) — 
G{2d,l, [2^J) ifd is odd and W{wd(t>) = G(d, 1, L^^J) if d is even. In 

the excluded case d TGpT6S6ntQ,tiVG is (^UJ2n4^^'^^^^ where W2n — ^15354 . . . Sji- 

In this case I ^ ^ and I^((w2n0)^"/'') = G{d, 2, 2n/d). 

Proof. The cases D„ with d\n or with d\2n and 2n/d odd involve regular 
elements, so are dealt with in |BM) . We thus consider only the other cases. 

We identify the Weyl group of type Dn to the group of signed permutations 
on {1, . . . n} with an even number of sign changes, by mapping to (i — 1, i) for 
i ^2 and S2 to (1, — 2)(— 1, 2). For d even Vd maps to (1, — l)(n + 1 — d/2, n + 2 — 
d/2, . . . ,n — l,n, d/2 ~ n — 1, . . . , 1 — n, —n). This element normalizes Jd- when 
Jd 7^ 0, it exchanges the simple roots corresponding to si and S2 and acts trivially 
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on the other simple roots indexed by J a, so it is Jd-reduced. It follows that wa 
normalizes Id and is /^-reduced. 

Lemma 11.13. For < i < [|J we have /(v^) = ^K^j^'^^o) o-nd l{wli) — 

f/K->o). 

Proof. As in Lemma 111.81 it is sufficient to prove the lemma for Vd- To find the 
length of Vd we note that S2S1S3S4 . . . s„ is {S3, . . . , s„}-reduced so that the lengths 
of s„+i_(i/2 • • ■ S3 and of S2S1S3 . . . Sn add, whence l{vd) = 2n — 1 — d/2. Since 
l{wo) = n? — n and l{wj^) = (n — d/2Y — (n — (i/2), we have 1{w^^wq) — 
d/2{2n — 1 — d/2). which gives the result for i — 1. Written as permutations 
vuo = (1, -1)"(2, -2) . . . (n, -n) and wj, = (1, -l)"-'^/2(2, -2) . . . (n-d/2, d/2-n); 
a direct computation shows that v"^^^ = (1. — l)''/'^(n+l— (i/2, d/2—n—l) . . . (n, —n), 
hence w^^^ = Wj^wq. The lemma follows for smaller i. □ 

Since w^^^ — Wj^wq and Jd is wq stable we have = 1, so the same property 
follows for vud which shows that Vd and Wd are ^(^-good elements. 

We also note that the theorem describes all d such that the Cd-rank is not zero, 
since the degrees of W{Dn) are all the even integers from 2 to 2n — 2 and n, and 
in the twisted case the factor associated to the degree n is -1 and the other factors 
are equal to 1. 

Since Wd is (/)-stable the element Wd(t> is also Cd-good. 

We now check Lemma rO.lir iv). that is that the Cd-rank of Wi^Wd in the untwisted 
case, resp. Wi^Wd(f> in the twisted case is on the subspace spanned by the roots 
corresponding to Id. This property is clear if Id = 0. Otherwise: 

• In the untwisted case the type of the coset is £'„_fcd/2 if k is even and ^i?Ti-fed/2 
if k is odd, where k is as in the definition of Wd- In both cases the set of values i 
such that the Ci-rank is not consists of the even i less than 2n — kd, the odd i 
less than n — kd/2 and in the twisted case (fc odd) i = 2n — kd. Since if d is even 
we have 2n — kd < d and if d is odd we have n — kd/2 < d, the only case where d 
could be in this set is k odd and d = 2n — kd, which means that -^^d = n. But d 
is assumed not to divide n, so this case does not happen. 

• In the twisted case the type of the coset is Dn-kd/2 if k is odd and ^Dn-kd/2 
if k is even. In both cases the set of values i such that the C^-rank is not consists 
of the even i less than 2n — kd, the odd i less than n — kd/2 and in the twisted case 
(fc even) i — 2n — kd. Since if d is even we have 2n — kd < d and if d is odd we have 
n — kd/2 < d, the only case where d could be in this set is k even and d = 2n — kd, 
which means that (fc + l)d = 2n. But this is precisely the excluded case. 

We now give CwiVi), where Vi is as in Lemma [9.141 in each case where / is not 
empty. In the untwisted case, if d is odd the group CwiVi) is of type -D^^^n^j ; if 
d is even the group Cw{Vi) is of type Ddy 2r,-2 ^ ^ ^ if [ ^"~^ J is odd and Ddy ^-a-i ^ 
if [ ^"^^ J is even. In the twisted case, if d is odd the coset CwiVijwcl) is of type 
^^dLii:^j-(-i and if d is even the coset is of type ^Dd ^ 2,i^2 j ^ ^ if [ ^"~^ J is even and 
Dd 1^ 2,1-2 J if [ ^"~^ J is odd. In all cases except if d is even and [ ^"^^ J is even (resp. 

odd) in the untwisted case (resp. twisted case) we then deduce the group W{w(j)) 
(resp. W{'w)) as in the remarks at the beginning of Subsection I 1 1 . 2l and after Lemma 
I9.14[ since in these cases the centralizer of the regular element wcj) (resp. w) in the 
parabolic subgroup W — Cvi/(Vi) has the (known) reflection degrees of W{w(j)) 
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(resp. W{w)). In the excluded cases the group Cwiw't') or Cw'{w) is isomorphic 
to G{d, 2, [ ^"^^ J ) which does not have the reflection degrees of W{w(l)), resp. W{w). 
This means that the morphism of the remark after Lemma 19.141 is not surjective. 
We can prove in this case that W{w(f>) or W{w) is G{d, 1, [ ^"^^ J ) since it is an 
irreducible complex reflection group by [Br, 5.6.6] and it is the only one which 
has the right reflection degrees apart from the exceptions in low rank given by 
G5, Gio, G15, G18, G26; we can exclude these since they do not have G{d, 2, [^^^J ) 
as a reflection subgroup. □ 



Types l2{n) and ^/2(n). All eigenvalues C, such that the C-rank is non-zero are 
regular, so this case can be found in jBMj . 



Exceptional types. Below are tables for exceptional finite Coxeter groups giving 
information on (^^-good maximal elements for each d. They were obtained with the 
GAP package Chevie (see [Cheviej ) : first, the conjugacy class of good Cd-maximal 
elements as described in Lemma 19.131 was determined; then we determined / for an 
element of that class, which gave l{'wi). The next step was to determine the elements 
of the right length 2{l{wo) — l{'wi))/d in that conjugacy class; this required care in 
large groups like The best algorithm is to start from an element of minimal 
length in the class (known by [GP^) and conjugate by Coxeter generators until all 
elements of the right length are reached. 

In the following tables, we give for each possible d and each possible / for that d a 
representative good w4>^ and give the number of possible wcf). We then describe the 
coset Wjwcf) by giving, if / 7^ 0, in the column / the permutation induced by w4> of 
the nodes of the Coxeter diagram indexed by /. Then we describe the isomorphism 
type of the complex reflection group Nw{WiW(t))/Wi = Nw{V)/Cw{V), where 
V is the Cd-eigenspace of wcf). Finally, in the cases where / 7^ 0, we give the 
isomorphism type of W — Cw{Vi), where Vi is the 1-eigenspace of w(j) on the 
subspace spanned by the root lines of /. We note that there are 4 cases where 
Nw'{V)/Cw'{V) < Nw{V)/Cw{V): for d = 5in^EG, for d = 4 or 5 in Er and for 
d 9 in Es. 

H3- 0^00 The reflection de grees are 2, 6, 10. 



1 



2 



3 



d 



representative w #good w Cw{w) 



10 

6 

5 

3 

2 

1 




wio = 123 4 Zio 



1 H3 



60 F. DIGNE AND J. MICHEL 

Hi-. Q^-OOhO The reflection degrees are 2, 12, 20, 30. 

12 3 4 



d 


representative w 


#good M) 


Cw{w) 


30 


W30 = 1234 


8 


Z30 


20 


W20 = 432 1 21 


12 


Z20 


15 




8 


Z30 


12 


wi2 = 2121432123 


22 


Z12 


10 


wlo or w;^o 


24 


Gie 


6 


or w;?2 


40 


G20 


5 


«'30 or w^lo 


24 


G16 


4 


W20 or W12 


60 


G22 


3 


W30 or wf2 


40 


G20 


2 


Wo 


1 


Hi 


1 




1 


Ha 




(f) does the permutation (1, 2, 4). The reflection degrees are 2, 4, 4, 6 



13 4 

with corresponding factors 1, (^3, (^f , 1. 



d 


representative W(j) 


#good w(j) 


Cw{w(j)) 


12 


Wi20 = 13(/) 


6 


Zi 


6 


wetA = 1243(/) 


8 


G4 


3 




8 




2 




1 


G2 


1 





1 


G2 



Fr- O— 00— O The reflection degrees are 2, 6, 8, 12. 

12 3 4 





representative w 


#good w 


Cw{w) 


12 


W12 = 1234 


8 


Z\2 


8 


ws = 214323 


14 


Zb 


6 


"^12 


16 


G5 


4 


11)12 or 


12 


Gs 


3 


"^12 


16 


G5 


2 




1 


Fi 


1 




1 


Fi 



^^4: does the permutation (1,4)(2,3). The factors, in increasing order of the 
degrees, are 1, —1, 1, —1. 



d 


r(>pr(>s(>iitati\(> iro 




Cii (tro) 


24 


W2a4> = 120 


6 


Z\2 


12 


wi20 = 3231(/> 


10 


z& 


8 


{W2A4>f 


12 


Gg 


4 


{Wl24>f 


24 


G12 


2 


WqCI) 


1 


/2{8) 


1 





1 


/2(S) 
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The reflection degrees are 2, 5, 6, 8, 9, 12. 



1 3 4 5 6 



d 


representative w 


#good w 


I 


Nw{Wiw)/Wi 


CwiVi) 


12 


wi2 = 123654 


8 




Zi2 




9 


wg = 12342654 


24 




Zg 




8 


ws = 123436543 


14 




Zb 




6 




16 




G5 




5 


24231454234565 


8 


(3) 


^5 


A5 




12435423456543 


8 


(4) 








12314235423654 


8 


(5) 






4 


Wg or w'i2 


12 






3 


2 or Wg 


80 








2 


Wo 


1 








1 




1 









'^E%: <f) does the permutation (1,6)(3,5). The factors, in increasing order of the 
degrees, are 1,-1, 1, 1,-1, 1. 



d 


representative w(j) 


#goodw0 I 


Nw{WiW(l))/Wi 


Cw{Vi)w^ 


18 


wis^ = 12340 


24 


Z9 




12 


u;i20 = 1236540 


8 


Z12 




10 


24315430 
54231450 
31435420 


8 (3) 
8 (4) 
8 (5) 


Z5 


'A, 


8 


w&(j) = 1234365430 


14 


Z8 




6 


(^180)^ 


80 






4 


(Wl20)^ 

wt2<t^ 


12 


Gs 




3 


16 


Gn 




2 




1 


Ee, 




1 





1 


Ft 
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Et. O— 0-(>-0-0— O The reflection degrees are 2, 6, 8, 10, 12, 14, 18. 

1 3 4 5 6 7 



d 


representative w 


#good w 


/ 


Nw{Wiw)/Wi 


CwiVx) 


18 


Wis = 1234567 


64 








14 


wu = 123425467 


160 




Zi4 




12 


wi2 = 1342546576 


8 


(2,5,7) 




Ed 


10 


wioa = 134254234567 
wiob = 243154234567 
wwc = 124354265437 


8 
8 
8 


(2,4) 
(3,4) 
(4,5) 


Zw 


De 


9 




64 




Zis 




8 


134234542346576 


14 


(2)(5,7) 


Zs 


Ds 


7 




160 




Zl4 




6 


Wis or "^12 


800 








5 


2 


8 
8 
8 


(2) (4) 

(3) (4) 

(4) (5) 


Zw 


A5 


4 


wl or w'f2 


12 


(2)(5)(7) 


Gg 




3 


■wfs or 


800 




G26 




2 


wn 


1 








1 




1 




E7 
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En- O— O— CXXXX) The reflection degrees are 2, 8, 12, 14, 18, 20, 24, 30. 

1 3 4 5 6 7 8 



d 




representative w 


^^Eood w 


/ 


Nw(Wtw)/Wt 


CwiV\) 

^ VV \ * L J 


30 




W30 = 12345678 


128 








24 


wu = 1234254678 


320 




Z24 




20 




= 123425465478 


624 




Z20 




18 


WlSa 


= 1342542345678 


16 


(2 A) 


Z\8 


E7 




Wisb 


= 2431542345678 


16 


(3,4) 








Wl8c 


= 1243542654378 


16 


(4,5) 






15 






2 

"'30 


128 








14 


Wl4a 

wub 




13423454234565768 

24231454234565768 


128 

88 


(2) 

(3) 


^1 A 


Ev 




Wl4c 
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